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Introduction

This thesis is dedicated to the study of the so called Carroll limit of field theories, with a
particular focus on those including fermionic matter.

The Carroll limit is the limit of vanishing speed of light. It was first mentioned in 1965
by Jean-Marc Lévy-Leblond in [1], where he introduced the “Carroll group” as a “degenerate
cousin” of the Poincaré group, obtained from the latter by a group contraction where the speed
of light is sent to zero. The name refers to Lewis Carroll, mathematician and author of the
famous book Alice’s Adventures in Wonderland [2], and its sequel Through the Looking-Glass
[3]. As explained in his paper, the purpose of the definition of the Carroll group was “mainly
pedagogical”, and it was introduced as a mathematical curiosity [4]. And as suspected by its
own author, this limit remained relatively unnoticed for over thirty years. This non-infatuation
is understandable considering the occurrence of various peculiar phenomena in this limit, such
as the fact that the light cone collapses to a line, meaning that causality almost completely
disappears in a “Carrollian” universe. These kinds of mathematical peculiarity are captured in
the novel Through the Looking-Glass,

“Well, in our country,” said Alice, still panting a little, “you’d generally get to somewhere
else if you run very fast for a long time, as we’ve been doing.” “A slow sort of country!” said
the Red Queen. “Now, here, you see, it takes all the running you can do, to keep in the same
place. If you want to get somewhere else, you must run at least twice as fast as that!”.

We can interpret this dialogue as the Queen presenting to Alice the “Carrollian world”. In this
world, Carrollian observers are moving at the speed of light, which is the maximal speed, and
are immobile at the same time®. With the lack of causality and dynamics in this limit, it seems
difficult to make practical use of this Carroll group. However, against all odds, since the 2000s,
more and more papers considering the Carrollian limit have appeared on subjects like general
relativity, field theory, etc. Indeed, in recent years, various applications of Carrollian physics
have emerged in interesting physical contexts, such as holography, black holes, gravitational
waves, or cosmology (see, e.g., [6, 7, 8, 9]). To illustrate how a limit where the speed of light
is sent to zero can be used in concrete physical contexts, let us provide some details at its
application to holography, which has recently revived interest in Carrollian physics.

The holographic principle states that in a gravitational theory defined in D + 1 space-time
dimensions, all the dynamics of this theory can be encoded in a quantum field theory defined

2The lack of causality in the novels of Lewis Carroll inspired J.-M. Lévy Leblond for the name of the limit
(c.f. chapter 7, “A Mad Tea-Party” [2]). Using this dialogue between Alice and the Queen as an illustration,
F. Dyson ([5]) further justified this name using the immobility of the Carrollian observers. This explanation is
inspired by [6].



on a D dimensional space-time [10]. A concrete realization of this holographic principle is the
AdS/CFT correspondence. This correspondence consists of a holographic duality between a
gravitational theory in D41 dimensions, with a negative cosmological constant, and a conformal
field theory (CFT) in D dimensions. In recent years, a great deal of research has been carried
out into the extension of a holographic correspondence without a cosmological constant, i.e.,
for an asymptotically flat space-time. An approach that makes possible to define a holography
without cosmological constant is called “Carrollian holography”. It exploits the fact that in
the AdS/CFT correspondence, the limit of vanishing cosmological constant on the gravitational
“side” corresponds to a Carroll limit of vanishing speed of light on the CFT “side” of the duality.
In this limit, the conformal group reduces to the conformal extension of the Carroll group (see,

e.g., [7]).

Given its application to a multitude of physical contexts, each more interesting than the last,
we now know why it is worth studying the Carroll limit. The literature on bosonic field theories
in the Carrollian limit is already quite extensive (see, e.g., [11] and references therein). However,
little attention has been paid to fermions (see however [12, 13] for two earlier attempts, and
[14]). Nevertheless, fermions are a main part of the Standard Model of Particle physics. All
the matter around us is made up of fermions, hence the need to include them in the study of
Carrollian field theories. This is the principal motivation of this thesis.

Concretely, the aim of this thesis is twofold: Firstly, we explore the possible inequivalent
Carrollian limits of the massless spin-1/2 fermionic field theory in a Hamiltonian formulation,
along the lines of the systematic analysis of bosonic theories performed in [11]. In a second part,
we plan to couple the massless Dirac fermions to Carrollian gravity, thus extending to matter
couplings the analysis of [15]. The goal of the latter paper was to clarify the links between
the Hamiltonian analysis of [11] and the definition of Carrollian gravity given in [16] through a
gauging of the Carroll algebra.

Recently, it was shown that there exists not one but two inequivalent Carrollian limits for
each bosonic Lorentz-invariant theories [11]. The theories obtained in the limit are called “elec-
tric” and “magnetic” theory. Both theories can be obtained from the Hamiltonian formulation
of the relativistic theory by sending the speed of light to zero, but with two different rescalings
of the canonical variables. The two limits are worked out for all bosonic field theories, from
the simplest examples, such as scalar field or electromagnetism, to full Einstein’s gravity and
the free theory describing higher-spin particles. However, half-integer spin fields are not inves-
tigated. In this thesis, we therefore extend this analysis to the case of Dirac fermionic field
theory.

The second part of the original contribution of this work consists in the coupling of Dirac
fermions to gravity in the Carrollian limit. In a recent study [15], it has been proven that the
magnetic limit of Einstein’s gravity defined through the Hamiltonian formalism in [11] is equiv-
alent to the Carrollian action obtained in [16] through a gauging of the Carroll algebra. The
problem was also studied in the following way. Rather than directly examining the outcomes
of the Carrollian limit, this result has been revisited in [15], using the relation between the
Hamiltonian and the first-order formulations of gravity. In this thesis, we extend this analysis
by adding the coupling of massless Dirac fermions to Carrollian gravity.

We start in chapter 1 by recalling some useful concepts and by setting out the conventions




used in this thesis. In particular, we present the Carroll and Galilei geometries and algebras
obtained via the ¢ — 0 and ¢ — oo limits, and discuss the physical implications of these limits.
This parallel between the Galilean and Carrollian limits is often realized in the literature because
the Carrollian limit can be seen as a counterpart of the more familiar, non-relativistic, ¢ — oo
limit. Pursuing with this idea of duality between the two limits in chapter 2, we review the
Galilean and Carrollian limits of different theories that can be found in the literature, with
a special focus on the Dirac theory. Using what we have learned about the Carrollian and
Galilean limits of the Dirac theory from this review, and following the analysis of [11], we study
the Carrollian limits of the Dirac action in its Hamiltonian form. This constitutes the first
part of the original contribution of this thesis, devoted to the study of the free theory of Dirac
fermions in the Carrollian limit. In chapter 3, a short review of the Hamiltonian formulation of
general relativity is realized. Finally, in chapter 4, we start by recalling some concepts required
to describe the coupling of gravity to spinors fields, and we then used this notion as well as
the Hamiltonian formulation of general relativity in the investigation of the Carrollian limit of
gravity coupled to fermions. This is the second original contribution of our work, dedicated to
the study of Carrollian gravity coupled to Dirac fermions. Finally, we summarize our results
and discuss the future possible directions of this work.




Chapter 1

Bases and conventions

The aim of this chapter is to recall and define some of the basic concepts and conventions
used throughout this thesis. As the Hamiltonian formalism and the spin-1/2 fermions will be
used extensively, we begin with a few basic reminders about these notions. Then, to better
understand the limit of vanishing speed of light, we give a short review of the Carrollian and
Galilean limits.

1.1 Conventions

In this master’s thesis, we work in a four-dimensional space-time and the “mostly” plus
convention (—, 4+, +,+) for the signature of the metric is used. The Greek indices correspond
to space-time indices, Latin indices i, j, ... take their values in {1, 2,3}, and spinor indices are
not explicitly written. The symmetric and antisymmetric parts of a certain tensor A,, are
respectively defined in our conventions as A,,) = %(AW + A,,) and Ay, = %(AW —A,,).
Moreover, units where h = 1 are used. However, when certain general concepts are recalled,
we will also set ¢ = 1. This will be explicitly stated in such cases. Powers of ¢ will then be
reintroduced by dimensional analysis if necessary.

1.2 Hamiltonian formalism

Let us begin with some brief recalls about the Hamiltonian formulation of classical mechanics
and field theory based on the books of E. Poisson “A relativist’s toolkit” [17], and “Field
Quantization” by W. Greiner and J. Reinhardt [18]. We choose the units where ¢ = 1 in this
particular section, with z# = (2%, z%) = (¢, z%).

1.2.1 Mechanics

In the Lagrangian formulation of classical mechanics, one is given a Lagrangian L(q,q),
function of the generalized coordinate ¢ and its velocity

U

q
= (1.1)

q
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By integrating the Lagrangian over a selected path ¢(¢), an action functional S[g] can be
constructed .
2
St = [ dt Lia.d). (12)
t1
The equations of motion, known as the Euler-Lagrange equations, are obtained by varying
the action such as it is stationary, i.e. such that 6S = 0, where the variation is restricted by
dq(t2) = dq(t;) = 0. One can use an equivalent formulation, the Hamiltonian formulation, by
introducing the canonical momentum

OL

_ oL 1.

as an independent variable instead of the velocity ¢. It is assumed that this relation can be
inverted to give ¢ as a function of p and q. We introduce then the Hamiltonian via the Legendre
transformation

H(q,p) = pq(p) — L(q,4(p)) - (1.4)

Hamilton’s equations of motion, which are the Hamiltonian equivalent of the Euler-Lagrange
equations, can be derived from the variation of the action with respect to p and g independently,
under the restriction that dq(t1) = dq(t2) = 0. Requiring the action to be stationary, Hamilton’s
equations take the form

. OH . O0H
Finally, recall that the Poisson bracket of two dynamical variables A(p, ¢) and B(p, q) is defined
as

(1.5)

0A0B 0AOB

A By =2222 7207 1.

1.2.2 Field theory

The above description deals with systems characterized by a discrete set of coordinates ¢'(t).
The following content describes, in a compact manner as well, the Hamiltonian formulation of
field theories. Let us consider a generic field ¢(x). The Lagrangian function is now a functional

of the field ¢(z),
uo:/fzqw. (1.7)

To switch to Hamilton’s formalism, one needs to define the canonically conjugate field, the
“momentum”. In analogy to (1.3), it is defined as

_ 0L(x)
0¢(z)

where L is the Lagrangian density. The Hamiltonian is introduced in the same way as in the

(z) ,WW@z%ﬁ (1.8)

mechanics case through the Legendre transformation

H(t)= /d3x m(z)p(x) — L(t). (1.9)
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It can also be written in terms of the Hamiltonian density H(z)
1) = [ & Ha), (1.10)

where #(x) = m(2)$(x) — L(z). The equivalent version of Hamilton’s equations (1.5) for a field
theory, where we omit from now on the dependence of the coordinates of the functional and
the fields, is the functional derivative of the functional H with respect to m and ¢
. O0H o0H

= g=_ 1.11
Since the Hamiltonian can depend on the field ¢, its conjugate 7 and their gradients V¢, V,
Hamilton’s equations can be expressed in terms of the Hamilton density as

OH _ OH oH
56 96 O(Ve)
SH oM _ oM (1.12)

ox on Vorve)

Finally, the Poisson brackets for fields theories is defined, given two functionals F[¢, 7] and

Glo, ], as
., (OF G  6F G
ey = | dx(w(:v)aw(x) 5w<x>5¢<x>)' (1.13)

1.3 Spin-1/2 action
In four space-time dimensions, the four gamma matrices v* define the Clifford algebra
{7 =" A =2 (1.14)

Using the four gamma matrices, it is possible to define the matrix 7° as

7 =iy, (1.15)

which satisfies {7°,7"} = 0 and (7°)? = 1444
The action for spin-1/2 Dirac massive fields is the Dirac action
S = /d4:c ("0, —m)W, (1.16)
where ¥ is a four-component Dirac spinor and V its Dirac conjugate, defined as
U = wia0, (1.17)
From the action (1.16), the Dirac equation

(iv"0, —m)¥ =0 (1.18)

6



can be derived.

In this thesis, the Pauli-Dirac representation of the Clifford algebra is used repetitively. It

1 0 , 0 ot 0 1
0 _ i _ 5 __
gl —(O _1>, gl —(_ai 0>, gl —(1 0), (1.19)

where o' are the Pauli matrices

01—<(1)(1)), ag_<?_[)i), 0—3_((1)_01). (1.20)

1.4 Carrollian and Galilean limits

is given by

It is well known that the Galilean group can be obtained from a ¢ — co “non-relativistic”
limit of the Poincaré group. As said in the introduction of this thesis, in the sixties, the opposite
¢ — 0 “ultra-relativistic” limit of the Poincaré group was explored for the first time by Jean-
Marc Lévy-Leblond with the definition of a “degenerate” cousin of the Poincaré group, named
the “Carroll group” [1]. In this section, we first look at the Galilean and Carrollian limits of the
Minkowski metric. Then, we show how these two groups can be obtained from a contraction of
the Poincaré algebra. Finally, we examine how the Carrollian limit affects the light cone and
explain the physical implications of this phenomenon. Although we compare the two limits,
we pay particular attention to the Carrollian limit, for which we provide more details. The
Galilean limit presented here is to be considered as a comparison for the Carrollian limit. The
content of this section is based on [19], [20] and [21].

1.4.1 Limits of the Minkowski metric

The usual covariant Minkowski metric reads

G = —d2’ ® da° + §;;dx' @ da? (1.21)
and the contravariant metric is given by

0 0 0 0
L S Y —. 1.22
G 0x0 ®© 020 +9 oxt ®© oxJ ( )

In the ¢ — oo or ¢ — 0 limit, we have to keep track of the powers of ¢ in the action, and we
therefore define the time coordinate
t=a"c. (1.23)

In terms of these new coordinates (¢,z'), the covariant and contravariant metric reads
G = —Adt @ dt + 6;;dr' @ da’, (1.24)

and 10 0 o 0
—1 - _ - 7 — Zj_ _
G 5505 T ® 5 (1.25)

7



Galilean metric

Let us start with the familiar ¢ — oo limit of the Minkowski metric. The latter is obtained
by letting ¢ — oo in the contravariant metric, giving the degenerate metric

Gt — 5ii 0 ® 0

7 ® 35 (1.26)

Carrollian metric

Using the covariant Minkowski metric and performing the opposite ultra-relativistic limit
¢ — 0 limit, one obtains

Let us recall that the Poincaré group can be defined, in the appropriated coordinate system,
as the group of linear transformations that leave the Minkowski metric invariant. As in the
Carroll case one deals with a degenerate metric, this definition needs to be extended. In flat
space and in appropriate coordinates (¢, z"), the Carroll group can be defined [15] as the group
of linear transformations that leave invariant both the degenerate metric

0 0
=1 o) (129
and the vector

(n”) = < (1] ) , Cun” =0. (1.29)

1.4.2 Contractions of the algebra

Since non-relativistic mechanics is a limiting case of relativistic mechanics, the Galilei group
must be in some sense a limiting case of the Poincaré group. This is the idea behind the Inonu-
Wigner group contraction introduced in [22] by E. Inénu and E.P. Wigner (see also [23]). This
group contraction for the Galilean group was extended to the Carroll group by Lévy-Leblond.
In this subsection, we will see what is meant by a “group contraction” in the context of the
Carroll and Galilean groups.

To define the two different contractions of the Poincaré algebra, we start from a differential
realization of its generators. This choice allows us to specifically highlight their reliance on the
time coordinate, and therefore on the speed of light, in order to take the corresponding limit
[21].

Poincaré algebra
The differential realization of the generators of the Poincaré group is given by

M = (2,0, — ,0,), P, = -0y, (1.30)

8



with M, and P, the generators of Lorentz rotations and space-time translations, respectively,
which obey the Poincaré algebra:

(M Mpo| = 1upMoy + Nue Mpp — Nuo Mpy — 1p Moy,
[M,uw Pp] - npl/P;L - npqu (131)
|P,,P,] =0.

We will not consider the vanishing commutation relations of the time translations generators
in the following. In the coordinates (¢,z"), the generators take the form

1
Mi; = (Q:Zaj - xjai)7 Mo = (—Ct@i - szé&&) )

1
Pi = _a’h PO = __at-

Cc

(1.32)

The Poincaré algebra, with respect to this decomposition in time and spatial coordinates, gives

[M;j, M| = 0 Mej + 0 My — 6y My; — 051 M,
[M;j, Myy) = 0;iMo; — 0a Moy, [Mij, B| = ;P — 01 P;,
[M137P0] :O7 [M(]i?PO] :‘PiJ
(Mo, P;] = 05 Py, [Mo;, Mo;] = M;;.

(1.33)

Carroll algebra

The Carroll algebra is obtained from a group contraction of the Poincaré algebra with the
speed of light ¢ sent to zero. Starting with the commutator of the Lorentz boosts M;, and
considering the explicit expression of the generators (1.32) gives

1 1
—ct0; — x;— 0y, —ct0; — x;—0;| = M,;. (1.34)
c c

Then, multiplying by ¢? provides
[—021582- - xif)t, —c2t8j - :L’jﬁt} = C2M2‘j, (135)

and the ¢ — 0 limit gives
[—xiat, —xjat] =0. (136)

By performing a rescaling with ¢ of the generators of the Poincaré boosts cMy = B;, one
obtains, in the ¢ — 0 limit, the commutation relation of the Carrollian boosts

where B; = —x;0;. Considering now the commutator of Py and My,
1 1
—ct0; — x;— 0y, —=0;| = P, (1.38)
c c

9



multiplied by ¢ and in the ¢ — 0 limit, one obtains

By performing the same rescaling by ¢ for the boost and the time translations generators,
cMy;, = B; and cFPy = H, and then taking the ¢ — 0 limit, the commutation relation for the
Carrollian boosts and time translations reads

[B;, H] =0, (1.40)

with B; = —ux;0, and H = —0;. By performing this analysis for the other commutation
relations, the Carroll algebra is obtained:

(M, M| = 0 Mej + 050 My — 6 Mp; — 051 M,
(My;, Bi) = 6;B; — 6aBj, [M;;, P] = 01, P — 05 P,
[Mij,H] :O, [BZ,H} :0,
[B;, P;| = 6;,H, (B, Bj] = 0,

(1.41)

with M;;, P;, H, B; which are respectively the generators of spatial rotations, spatial transla-
tions, time translations, and Carrollian boosts. We have therefore shown that the Carrollian
algebra is obtained as the algebra in the ¢ — 0 contraction of the Poincaré algebra. One can
see that in the Carrollian case, with respect to the Poincaré algebra, the boosts commute with
each other and with the time translations.

With the help of the degenerate metric (1.29), the above commutation relations can be
written compactly as follows

[Muw Pp] = CPVPH - CPHPV

(1.42)
[M;un Mpa] = CM/JMO'V + CI/O‘MPM - QMO'MpV - CVpMUu-

Galilean algebra

The same reasoning as above can be applied to obtain the Galilean algebra from the Poincaré
algebra, but this time with the ¢ — oo limit and the rescaling %Mm = (; and cFPy = F of the
generators. With this group contraction, the Galilean algebra

(M, M) = 6 Mej + 05 My — 6y My; — 051 M,
(M, Cl) = 0;,C; — 0uC;, [M,j, B] = 6P, — 6, P,
[My;, E] =0, [Ci, E] = P,

[Ci, P]] - O, [CZ, Cj] — O,

(1.43)

is obtained in the ¢ — oo limit. In these relations, M;;, P;, I, C; are respectively the generators
of spatial rotations, spatial translations, time translations, and Galilean boosts. The Galilean
boosts are given by C; = —t0;. One can see that this time, the Galilean boosts commute with

each other and with the spatial translations.

10



1.4.3 Physical interpretation

Finally, to conclude this short review about the Carrollian and Galilean limits, we try to
provide an intuitive illustration of what occurs in the ¢ — oo and ¢ — 0 limits. Let us consider
the Minkowski space-time, with its light cone (c.f. figure 1.1). In the space-time coordinates
(2%, %), the light cone is defined with the equation

—(2°)% + Z(;ﬁf =0, (1.44)

or equivalently
20 = +£||Z|. (1.45)

Considering the two-dimensional case, and the time coordinate
t=212"c, (1.46)

one obtains
t==+z/c. (1.47)

In the ¢ — oo limit, we therefore see with this latter equation that one has a horizontal
asymptote. The cone merges with the 2’ plane, or equivalently, the light cone “opens”, and
time becomes absolute. In contrast, in the ultra-relativistic ¢ — 0 limit, one obtains a vertical
asymptote. The light cone “closes”. As the light cone determines the causality structure in
Minkowski space-time, this closing of the light cone will rule Carrollian invariant field theories.
In particular, it implies that, as the speed of light is the absolute speed and therefore one
cannot go beyond the light cone, neighboring points do not speak with each other [11]. We
will retrieve this behavior by studying concrete examples of Carroll-invariant field theories in
subsection 2.1.2.

\/ X x

a) b) <)

Figure 1.1: Minkowski b), Galilean a) and Carrollian c) light cone (figure inspired by [1])
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Chapter 2

Limits of the free theory

In [11], it has been shown that there exist two inequivalent Carrollian limits for each Lorentz-
invariant bosonic theories, the “electric” and “magnetic” limit. Each limit can be obtained from
the Hamiltonian form of the corresponding theory, with the same “contraction” procedure of
taking the speed of light to zero, but with two different c-dependent rescaling of the canonical
variables. In this chapter, we aim to study the possible® inequivalent ¢ — 0 limits of free Dirac
fermions. To obtain these limits, we draw upon the analysis presented in [11]. Before that, we
discuss some results already present in the literature about the Carrollian and Galilean limits
of fields theories, and we contrast them with the approach followed in [11].

2.1 Inequivalent Carrollian and Galilean limits of bosonic
theories

Fifty years ago, it was shown that there exist not one but two well-defined non-relativistic
¢ — oo limits of Maxwell’s electromagnetism, referred to as electric and magnetic limits [24].
The first limit is obtained when the electric effects dominate, while the magnetic limit is valid
when the magnetic effects are dominant. It also has been proved that there exists the Carrollian
analogue of this phenomenon for electromagnetism in four spacetime dimensions, with the
existence of two Carroll-invariant contractions of electromagnetism, also referred to as “electric”
and “magnetic” contractions [19]. The aim of [11] was to show that the existence of two
inequivalent Carrollian limits is not specific to electromagnetism but exists for all Lorentz-
invariant theories. Before reviewing the results of [11], we firstly give an overview of the two
Galilean limits of classical electromagnetism. Then, we start our examination of the analysis
presented in [11], where we first discuss the conditions for a theory to be Carroll invariant, and
we then illustrate the analysis with the examples of electromagnetism and the scalar field.

2.1.1 Galilean electromagnetism

Let us consider two inertial reference frames R’ and R, with R’ moving with a constant
velocity v along the axis x with respect to R. These two frames are related by Lorentz trans-

@ As there exist two inequivalent Carrollian limits for each bosonic Lorentz-invariant theories, we expect two
Carrollian theories for free Dirac fermions.
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formations. For a four-vector (u°, @) these transformations take the form

1
W =~ (uo——17~ﬁ)
c
(2.1)

ﬁ/:’}/<ﬁ— Uuo),

where ¥ = v1, and ~ is the Lorentz factor

ol

1

The usual Lorentz transformation of a generic four-vector above admits two different Galilean
limits v/c << 1,

(2.2)

0 _ UO

1 (2.3)
@ =i 5

c

valid when |i| << |u%], and
0 =l — 117- U
c (2.4)

u =1,

for four-vectors such as |u| >> |u°| [24]. An example for the first case is given by the usual
Galilean transformation of the four-vector (cAt, A7)

At = At
{C ¢ (2.5)

A7 = A7 — TAL.

As v is the velocity of the referential R’ seen from the referential R, one has that |v]/c =
|Ar/cAt] << 1 in the Galilean limit. Starting from the Lorentz transformation (2.1), con-
sidering the Galilean limit v/c << 1 and that it implies |Ar| << c|At|, one retrieves (2.5),
corresponding to the limit (2.3).

Now, to obtain the two limits of Maxwell’s equations, one can apply (2.3) and (2.4) to the
case of the current four-vector (cp,7). Let us first investigate the case where ¢[p| >> [j|. In
fact, this case is equivalent to the situation where E' >> ¢B and one can therefore directly
study the Galilean limit of the Lorentz transformations of the electromagnetic fields. This
limit will give the Galilean electric limit. In [24], Maxwell’s equations in presence of sources
are considered. This allows one to further clarify the physical interpretations of the different
limits. For simplicity, we only consider here the vacuum case, which already shows the two

inequivalents Galilean limits. We now see how the two limits impact the Maxwell’s equations

B
VxE+%c% V-B=0
18& (2.6)
VxB+-2"=0, V-E=0.
x +02(9t ’

In the Galilean limit v/c << 1 and considering that £ >> ¢B, the Lorentz transformations of
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E and B 1
E'/Jc=~v(E/c+ -0 x B)
¢ (2.7)

1
cB'=~(cB— -7 x E),
c

reduce to
E =E
1 (2.8)
B'=B - —Ux E.
c
In the moving frame, an observer sees a time-varying field. In the above equations, one can
deduce that while this time-variation of the electric field produces a magnetic field (with the
term “0%27 x E”), the time-variation of the magnetic field does not produce an electric field.
The time derivative of the magnetic field term in Maxwell’s equations (2.6) can no longer be

present and therefore read

VxE=0, V.B=0
1 OE (2.9)

-VxB+—-—=0, V-E=0.
% +026%

By a similar discussion of that of the electric limit but considering ¢|p| << [7], or equivalently
E << ¢B, the magnetic limit of the Maxwell’s equations is given by:

0B

VxB=0, V-E=0,

(2.10)

where the time-derivative of the electric field is no longer present. There therefore exist two
completely different Galilean limits of Maxwell’s equations, whether the electric or magnetic
effects are dominant. The magnetic contraction gives an electromagnetism theory where the
displacement current is missing from Ampere’s law, but Faraday’s law is complete. On the
contrary, Ampere’s law is complete in the electric limit, but the Faraday’s law misses the
time-varying magnetic field.

This idea of two limits for the Galilean limit of Maxwell’s electromagnetism has been ex-
tended to the Carrollian limit in [19] of this theory, and then generalized to all Lorentz-invariant
bosonic theories in [11] as we discuss in the following subsection.

2.1.2 Carrollian limit

It is now interesting to discuss the fact that the two limits of classical electromagnetism can
be found with a direct limit and without involving arguments concerning the dominance of
one of the two fields. Indeed, starting with the vacuum Maxwell’s equations (2.6) and directly
taking the non-relativistic limit ¢ — 0o, one arrives to the Galilean magnetic limit (2.10) of the
Maxwell equations. Performing a rescaling of the fields B = B'/c and F = E’c, and only then
taking the limit, one gets the electric limit (2.9). This way of retrieving the two inequivalent
Galilean limits is investigated in the case of the dual Carrollian limit in [19]. Moreover, it was
shown in [11] that the existence of two inequivalent Carroll limits which differ by a c-dependent
rescaling of the fields can be extended to all the bosonic Lorentz-invariant theories. These

14



two limits are named electric and magnetic as well, whether or not there is an electromagnetic
duality in the theory. This is the subject of this subsection.

We begin by discussing the conditions for Carroll invariance established in [11]. Before
reviewing the Carrollian limits of electromagnetism, we continue this section with the example
of the scalar field also investigated in [11]. This example is useful to define the two Carrollian
limits and their characteristics thanks to its simplicity. Finally, we conclude with the case of
interest in this comparison between the inequivalent Galilean and Carrollian limits: classical
electromagnetism.

Conditions for Carroll invariance

In [11], one can find conditions for the theory found in the limit to be Carroll invariant. We
firstly describe these conditions.

In the canonical formalism, a Carroll transformation is generated by
0 k ko1 km
aH+a Pk + ka + EkaM y, Wekm = —Wnmk, (211)
where the parameters by, wim, a° and a* parameterize respectively the infinitesimal Carroll

boosts, spatial rotations, time translations and spatial translations. The generators of time
and space translations read®

H = /d3x E(x), P,= /d3:1: Pr(x), (2.12)

and those of Carroll boosts and spatial rotations are given by
B* = /de " E(x), M= /d3x (z"0%% — 2°6™F) Py (), (2.13)
where £(z) and P (x) are respectively the “energy density” and the “momentum density”. For

a theory to be Carroll invariant, a necessary and sufficient condition is that the generators obey
the Carroll algebra,

[Py, B™] = 6™, (2.14)
[Py, M™] = (576" = 6;07) P, [BY, M™] = —B"6° + B*6", (2.15)
[]\4167717 MTS} — _5k'rMms + 6mers + 6kstr o 5msMk:r’ (216)

where the other Poisson brackets vanish. The requirement to fulfil the Carroll algebra implies
conditions on the Poisson bracket of Py(z) and £(z), as all the generators are constructed in
terms of them. The non-trivial conditions for the theory to be Carroll invariant are, in fact,
on £(x). There are two of them: (1) £(x) has to be a scalar under spatial translations and
rotations; (2) {€(x),E(z')} = 0. The derivation of this result can be found in appendix A.

In this thesis, we are in a four-dimensional spacetime. However, note that the case of Lorentz-invariant
bosonic theories presented here can be extended to an arbitrary number of dimensions, as it is done in [11].
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Scalar field

The usual Minkowski metric reads ds* = —(dz®)? + Y, (dz*)2. In the ¢ — 0 limit, we have
to keep track of the powers of ¢ in the action and we therefore use a time variable ¢ that has
dimension of time. The metric then reads ds* = —c?dt* + >, (dz*)?, which gives n;, = —c?
(and for the inverse component 1" = —%). The action in Hamiltonian form for a scalar field

(&
in Minkowski space is

Sle,m) = /dt {/ &Pz Top — H} . O = O, (2.17)
with '
H = /dgx E, &€= 3 [ (m,)* + Oppd* ] (2.18)
and or )
¥

The magnetic limit is the direct ¢ — 0 limit of the above action

SMp, ] = /dt U dPx Top — HM} (2.20)

with )

oM = /d% eM, eM= 3 [0pp0" 0] . (2.21)
One can get the electric limit by rescaling ¢ = ¢y, 7, = %71':0 in (2.17), and only then taking
the ¢ — 0 limit. Dropping the primes, this gives

ST, ] = /dt U dx Top — HE] : (2.22)

with )
HY = /d3x gE g = éwi.

(2.23)
Notice that the rescaling of the field and of the conjugate momentum to obtain the latter limit
is chosen such that the kinetic term [ dt [ d®x m,¢ is preserved. As explained in the previous
section, the conditions for the theory to be Carroll invariant are conditions on the Poisson
brackets of £. For the case of the scalar field, the two contractions are Carroll invariant since
for each case, the energy density £(z*) obeys {€(a*),£(2’*)} = 0 and is a scalar under spatial
translations and rotations.

The equations of motions of the magnetic and electric contractions are respectively,
¢ =0, T, =Ap, (2.24)

and

="y, Tp=0, =¢=0. (2.25)

One can notice here that the dynamical feature that distinguishes the magnetic theory from
the electric one is that the momentum conjugate can be eliminated from the equation of motion
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in the electric case, while it cannot in the magnetic case. These equations reduce to ¢(t, z%) =
©(0,2%) and 7, (t, %) = tAp(0, 2%)+7,(0, 2*) for the magnetic theory, and 7, (¢, 2*) = 7,(0, 2*)
and @(t,2%) = 7,(0,2%)t + ©(0,2") for the electric theory. One can see that the fields at a
certain time and spatial point depend only on the fields at ¢ = 0 and at the same spatial point.
This observation is compatible with the fact that in a Carrollian theory, due to the closing of
the light cone, information does not propagate between neighboring points.

In [11], the authors conclude that there are two ways of producing a Carroll-invariant theory.
The magnetic theory is obtained by drooping the time derivatives (conjugate momenta) and
keeping the spatial gradients in the energy density. The electric limit is obtained by doing
the opposite, i.e. keeping the time derivatives and dropping the spatial gradients. Now that
we have reviewed the simple case of the scalar field, let us investigate these two inequivalent
Carrollian limits in the case of Maxwell’s electromagnetism.

Electromagnetism

The action in Hamiltonian form for electromagnetism in Minkowski space is®

S[A, 7", A = /dt [/d% T A; —H] :

| . | { (2.26)
H = /d3:c (5 — Ataﬂrl) , E= 3 {027T27Ti + §FZJEj1 ,

where F}; is the spatial field strength (the magnetic field) defined as F}; = 9;A; — 0;A;, and the
momentum conjugate to A%, 7;, is given by

The magnetic limit of electromagnetism is obtained via the direct ¢ — 0 limit

SM A, 7, Ay = / dt { / Pr 1A — HM] , (2.28)

with '
HM — / &Pz (EM — Aon"), EM = i FYFy;, (2.29)
so that the energy density £ verifies the condition
{EM (2%) &M (™)} = 0. (2.30)
The equations of motions are given by
(57Ti1 EZEAz—aZAt :0,
0A; . T —AA'+0'9;AT =0, (2.31)
5At . alﬂl =0.

¢Note that electromagnetism is a gauge theory. This implies in particular that in its Hamiltonian formulation,
unlike the case of the scalar field, one finds a Lagrange multiplier, A;. This is not a dynamical variable, and
therefore there is no conjugate momentum associated with it. As this section is simply to illustrate the magnetic
and electric theory of this theory, we won’t go into further detail.
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One can rewrite these equations of motion in terms of the electric field E* = —7 and the
magnetic field Bf = $€9%Fj, = €750, A}, as

OF 0B
This is precisely the magnetic Carrollian limit of the Maxwell’s equations obtained in [19], and
that we have discussed at the beginning of this subsection.

As in the case of the scalar field theory, the electric theory can be reached out by a rescaling
of the fields, which in the case of electromagnetism, takes the form A; = cAl, 7° = %’/Ti/ , and
A; = cA;. Performing this rescaling of the fields in the initial action, taking the ¢ — 0 limit

and dropping the primes, one obtains

S [Ai,ﬂ'i,At} = /dt {/ Px A — HE} , (2.33)

where .
HE = /dgilf |:(€E — Ataiﬂ'i} s SE = §7Ti7l'i, (234)
with
{7 ("), EF (™)} = 0. (2.35)
The field equations are now given by
omt s A —0iA —m =0,
0A; : 7 =0, (2.36)

(SAQ : ai’/Ti =0.
They can be rewritten in terms of the rescaled electric and magnetic fields as

v.E-0, v-B-0o, Biv.E_y %—If

= =0, (2.37)

which is the same electric limit of the Maxwell’s equations found in [19]. One can find in these
two Carrollian limits of electromagnetism all the characteristics highlighted in the case of the
scalar field: the magnetic theory is obtained by dropping the time derivatives (7') and keeping
the spatial gradients (F”) in the energy density; the electric theory is obtained by keeping
the time derivatives and dropping the spatial gradients in the energy density; the conjugate
momentum associated with A; can be eliminated using its own equation of motion in the electric
case, but not in the magnetic case. More details about these two limits can be found in [11].
Since the aim of this example is to show the Carroll equations of motions dual to the Galilean
ones that we have discussed, we will restrict ourselves to this analysis.

2.2 Limits of the free Dirac fermion theory

Following the review of the Galilean limits of Maxwell’s electromagnetism presented in the
subsection 2.1.1, we first review the non-relativistic limit of the Dirac action that can be found
in the literature to identify the key features that we will also encounter in the Carrollian limit.
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Then, we discuss the “ultra-relativistic” limit of the Dirac equation obtained in [14]. Finally,
we move on to the analysis of the possible inequivalent Carrollian limits of the Dirac action.

2.2.1 Non-relativistic limits of the Dirac equation

As discussed in the subsection 2.1.1, the non-relativistic limit is considering the speed of
particles negligible with respect to the speed of light. Equivalently, it can also be considered
as the limit where the rest energy Ey = mc? is the dominant contribution to the energy. In
the case of the Dirac action, the result of the limit is the Pauli equation, which describes a
non-relativistic spin-1/2 particle. This limit can be found in many textbooks on quantum field
theory, such as [25]. In this section, we would like to obtain this result from a “c — c0” limit.
First, we start by recalling the limit of the massive Dirac equation in the regime where the
speeds of particles are significantly smaller than ¢. Then, we derive it from the massive Dirac
equation with the explicit ¢ — oo limit. Finally, we compare with the massless case already
studied in [26] by an equivalent non-relativistic limit that we define in the associated subsection.

“Usual” non-relativistic limit of the massive Dirac equation

One starts from the massive Dirac equation written in the non-relativistic notation

iU = co®pU + me?pU, U =0,7, (2.38)

where pp = —i0, with U = (fz), and the use of the Pauli-Dirac representation

o.k
i (5 O) e = (7). (2:30

where 3 and o are linked to the gamma matrices (1.19) with 3 = 7° and of = 7%y*. With
this separation of the field into two-component spinors, the equation (2.38) reads?

i @) — - ﬁ(é) + me? (_¢X) . (2.40)

One may recall that stationary state solutions of the Dirac equation are defined as
U(r,t) = U(r)e (2.41)

Based on the latter solutions, let us assume that the fields ¢ and x take the form

0)=-=(0)

where ¢ and x are slowly varying functions of time since the rest energy, and therefore the
dominant part of the time dependence, is in the exponential in (2.42)¢. With this redefinition

We use the notion ¢ - § = co*py, in the following.
©This change of variable is made such as one has the splitting of the energy E = AE + mc?. One can
therefore see that the main contribution, mc?, is in the exponential.
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of the fields, one gets the system of two equations

i <;¢Z> = o - p*(;%) —2mc? (2) . (2.43)

As (2.42) are stationary state solutions of the Dirac equation, one has that the time derivative
of the redefined fields ¢ and ¥ gives ix = AEY with AE = E — mc?®. In the non-relativistic
limit, this difference is small compared to the rest energy mc?. We can therefore neglect the
term iy in the lower equation of (2.43). The system of equations reduces then to

i6 =i Y, 2mey =G - o, (2.44)
Inserting o
¥ = (2%2 5 (2.45)
in the first equation, gives ) o
ip = %qﬁ, (2.46)

which is the Pauli equation describing a non-relativistic spin-1/2 particle/. One has thus demon-
strated that by considering the speeds of particles negligible with respect to the speed of light,
and equivalently that the rest energy F = mc? is the principal contribution to the energy, one
retrieve the Pauli equation as the non-relativistic limit of the Dirac equation.

Non-relativistic ¢ — oo limit of the massive Dirac equation

Now we would like to find the same result as in the previous section concerning the non-
relativistic limit of the Dirac equation, this time not considering the rest energy as the dominant
contribution in the energy, but considering ¢ sent to infinity. To realize this limit, we were
inspired by the non-relativistic limit of the Dirac equation proposed in the book “Structural
aspects of Quantum Field Theory”, by G. Grensing [27]. For this purpose, a dimensionless
parameter A such that ¢ = ¢\ is introduced and ¢ is set to 1. Sending the speed of light to
infinity therefore corresponds to taking the A\ — oo limit. As in the “usual” non-relativistic
limit, we start from the Dirac equation written in the non-relativistic notation (2.38), but with
c replaced with the parameter \. We use the same Pauli representation of the gamma matrices,
as well as the same decomposition of the field into two-component spinors. Drawing on the
previous section, we perform the redefinition of the fields

<¢> = emim\ (¢) (2.47)
X X
which implies the Dirac equations

i (;’i) =\d- ﬁ(;%) — 2m\? (g) . (2.48)

fThe Pauli equation is usually found in the literature coupled to an external electromagnetic field. The latter
being irrelevant in our case, we omit it.
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Note that the lower component reads
iX — A& - Pp + 2mA%x = 0. (2.49)

Now, rather than considering the limit where the rest energy is the dominant contribution and
using the same argument as the previous subsection, we take the A — oo limit. If the limit is
taken directly, the two last terms go to infinity. A solution to get rid of these divergences is to
realize a rescaling of the fields?

X — %, g% — ¢~> (2.50)

After this rescaling, the equation (2.49) takes the form

% — NG - Pp+2mAy = 0. (2.51)
The first term tending to zero in the A — oo limit, the two last terms must cancel each other:
- po = 2my. (2.52)
Applying the rescaling of the fields (2.50) on the upper equation of (2.48)
id = A& - 7%, (2.53)
the X is cancelled and the non-relativistic equations finally reduces to
omy =& - pp, ip =3 - px. (2.54)

By isolating the field y in the first equation

=225 (2.55)
2m
and substituting it into the second equation of (2.54), one retrieves the Pauli equation
X 7-9)2 -
ig= TP 5 (2.56)

2m

One can therefore see that the limit ¢ — oo and the one considers in the previous section result
in the same equation.

Galilean limit of the massless Dirac equation

In both limiting procedures described above, the mass term in the Dirac action played an
important role. On the other hand, the Galilean limit of the massless Dirac equation was
investigated in [26]. This limit is based on the fact that the contraction of the Poincaré algebra
¢ — 00, which gives the Galilean algebra that we have discussed in section 1.4, can be achieved

9This shorter way of presentlng the rescahng means, in the same way as we have done in subsection 2.1.2,

that we have defined x’ and @' such as X =%, ¢ ¢' and that we have then dropped the primes after the
limit. We will present the rescaling in this manner from now on.
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by setting ¢ = 1 and performing the rescaling of the coordinates

F ek, t—t, e—0, (2.57)
with €, a dimensionless parameter. One can also see this in the following way. In the limit e — 0
and with (2.57), the equation describing the light cone in 2 dimensions obtained in section 1.4
with ¢ =1, t = £x, gives a horizontal asymptote in the ¢ — 0 limit, and this limit is therefore
interpreted as a non-relativistic limit.

The analysis starts with the massless Dirac equation of motion

"9, =0 (2.58)

with the fermionic field decomposed into two two-components spinors ¢, and y, ¥ = (i)

Using the Pauli-Dirac representation (1.19) of the gamma matrices and setting ¢ = 1, the
equations of motion are given by

i+ ic"Ox =0, ix+ic*dp = 0. (2.59)
The non-relativistic equations are obtained by scaling the spinors as

o= 0, X ex, (2.60)

together with the scaling of space-time (2.57). The scaling ¢ — €@, x — x is also possible as
the equations (2.59) are symmetric under the exchange of ¢ and y. This would give the same
result, but with the role of x and ¢ exchanged. Note that the scaling of the two-components
spinors (2.60) with ¢, is equivalent to the one we introduced in the previous section with A,
such as we have A = 1/¢, with A — 0o and € — 0.

With the scaling of the fields, the massless Dirac equations in the Galilean limit defined by
(2.57) are .
io"Op =0, i¢+ic"Ix = 0. (2.61)

The link with the ¢ — oo limit of the previous section can be done by taking the massless limit
of the equations (2.54)

G-pp =0, ip=7-px, (2.62)

such as with py = —i0, we retrieve the same equations as in [26] that we have discussed here.

To summarize, in this section we were able to study the Galilean limit of the Dirac action
by different approaches. This allows us to check that the “usual” non-relativistic limit where
one considers the speeds of the particles are significantly lower than the speed of light, the
Galilean ¢ — oo limit and the one obtained by the scaling of space-time are all equivalent. This
also enabled us to recover the usual Galilean limit of the Dirac equation in a way that is more
adapted to study its Carrollian dual.
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2.2.2 Ultra-relativistic limit of the massless Dirac equation

Now that we checked that the “usual” non-relativistic limit of the Dirac equation is consistent
with the one obtained by the scaling of space-time discussed in [26], we can move to the
Carrollian equivalent of this limit investigated in [14].

This limit is based on the fact that, as for the Galilean case (2.57), the contraction of the
Poincaré algebra ¢ — 0 which gives the Carroll algebra that we have discussed in section 1.4
can be achieved by a scaling of space-time. For the ultra-relativistic case, this scaling is given
by

oF sk t—et, e—0. (2.63)
Once again, as for the Galilean case, we can also see this in the following way. In the limit
e — 0, and with (2.63), the equation describing the light cone in 2 dimensions obtained in

section 1.4 with ¢ = 1, t = +x, gives a vertical asymptote in the ¢ — 0 limit, and this limit is
therefore interpreted as an ultra-relativistic limit.

One starts with the massless Dirac equation, with ¥ decomposed into two two-components
spinors and the Pauli-Dirac representation of the gamma matrices. This gives the relativistic
equations of motion

i+ ic*x =0, ix+ic*dp = 0. (2.64)

Performing the rescaling of the fields

¢— ¢, X—ex (2.65)

as well as the scaling of space-time (2.63), the ultra-relativitic equations of motion are
i =0, ix+ioc*de=0. (2.66)

As in the previous section, one could have taken the scaling ¢ — e, x — x. This would have
only inverse the role of ¢ and x. These equations are the Carrollian Dirac massless equations.
We will refer to them in the following section. Note that in the literature, we have not found
a Carrollian limit of the massive Dirac equation”. A field redefinition, such as the one we have
carried out in the non-relativistic limit,

Q=)

is not as obvious as in the non-relativistic case, and so we restrict ourselves to the massless
case. We hope to return to this issue in the future.

2.2.3 Possible inequivalent Carrollian limits of the Dirac action

Now that we are familiar with the analysis of [11] reviewed in section 2.1 and with the ultra-
relativistic limit of the Dirac equation, we will seek the Carrollian contraction of the Dirac

hThis observation is not unexpected in view of the growing interest in the Carrollian limit due to its appli-
cation to flat-space holography. Indeed, the theory of Dirac fermions in the massless case is invariant under
conformal transformations. This invariance is expected for Carrollian theories to obtain applications in flat-space
holography, as we discussed in the introduction.
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action in the Hamiltonian formalism. For a first approach, we chose to focus on the massless
case.

First attempt for the Carrollian limit

The massless Dirac Lagrangian with explicit powers of ¢ is given by
£ = 10700 + iT~F5, 0. (2.68)
c

This action is already of first order but, to simplify the comparison with [11], we explicitly
introduce the conjugate momentum to the field ¥ and rewrite it in Hamiltonian form. The
conjugate momentum to the field ¥ is actually proportional to ¥ and reads
oL i- )
Ty = —— = -Uy". 2.69
o) o7 (2.69)

The action in Hamiltonian form for a Dirac fermion field in Minkowski space-time is
SW, my] /dt [/ P ol — H} | (2.70)

H= /d?’x E, &= —cmg7"7*0,7, (2.71)

which vanishes in the direct ¢ — 0 limit. Since in this case, £ is also linear in 7 and V¥ as the
kinetic term, the alternative limit introduced for bosons in [11] and that we have discussed in
the subsection 2.1.2, in which one rescales the fields while leaving the kinetic term invariant
also leads to the same results. Although Carroll invariant, these limits are rather unexciting
from an interpretative point of view.

Carrollian limit with two-component spinors

The failure to define non-trivial limits of the Dirac action applying the same strategy as in
[11] to the whole field ¥ is not unexpected, since in our previous analysis of the Carrollian limit
of the Dirac equation we had to decompose W. Therefore, inspired by the decomposition of the
Dirac spinor into two-components spinors x and ¢ of the Carrollian and Galilean limits of the
Dirac equation presented in the previous sections, we now try to obtain a Carrollian limit of
the massless Dirac action with a non-vanishing Hamiltonian.

We start from the massless Dirac Lagrangian, perform our analysis in the Pauli-Dirac
representation of the gamma matrices, and decompose the field into two-component spinors

U = (i) The Dirac conjugate VU is given by

U =0l = (gt —x1). (2.72)
The Dirac Lagrangian written in terms of ¢ and y with explicit powers of ¢ is given by

td Ty
L= z¢—c¢ + ZX—CX +ixTo* 0t + ipT ™oL ). (2.73)
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Defining the conjugate momentum for each of the fields

oL ¢t oL
@) o MTaw e 27

7T¢—

where 5 9L__ stands for the right derivative of the field?, one obtains the action in Hamiltonian

(& or X))
form for a Dirac fermion field ¥ expressed in terms of its two-components spinors ¢ and y

S o\ s 7] = /dt U e (7r¢$+7rx>'<) _ H] , (2.75)

H= /dga: E, &= —clm0"Ohp — meot x| (2.76)

With the direct ¢ — 0 limit, the Hamiltonian vanishes. However, in contrast with the previous
section, there is a possible rescaling preserving the kinetic term [ dt [ d*x <7T¢<;5 + 7TX)'<> which
implies a non-vanishing Hamiltonian. Indeed, taking

™x = W_CX7 X = EX; (2.77)
the rescaled Hamiltonian takes the form
H = /d?’x [—Wxak8k¢ — 027r¢0k8kx} , (2.78)
which implies the Carrollian action in the ¢ — 0 limit
S = /dtdgx [m)d') +m X + Wxakakﬂ . (2.79)

The equations of motion are given by

=0 and y = —0"0,0, (2.80)

which are the same as those obtained with the Carrollian limit of the massless Dirac equation
that we discussed in 2.2.2. The Carrollian theory described by the action (2.79) is Carroll
invariant since the energy density £(2*) = —m,0%0,¢ is a scalar under spatial translations and
rotations and implies {£(z),£(2")} = 0, which are the two necessary and sufficient conditions
to fulfilled for the Carroll invariance.

As discussed in section 2.1, there only exist two ways of producing a bosonic Carroll invariant
theory: the magnetic theory is obtained by dropping the time derivatives (conjugate momenta)
and keeping the spatial gradients in the energy density &; the electric limit is obtained by
doing the opposite, i.e., keeping the time derivatives and dropping the spatial gradients. In the
Hamiltonian (2.78), we started with two spatial gradients (times a conjugate momenta) and
the result was a Carrollian action with one of the spatial gradients dropped. By the definition
of the electric contraction, one is led to identify this limit as a sort of magnetic one. The result
that the general behavior of the electric and magnetic contractions that we discussed in section

“This is a standard convention in the Hamiltonian formulation of fermionic field theory (see the chapter on
“Formal development of fermionic path integrals” of [28]).
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2.1 is not retrieved is certainly a consequence of the fact that the Dirac action is of first-order
in time derivative. This particularity implies that the Dirac Hamiltonian is of the same order
in the time derivative than the Lagrangian.

In this chapter, we have therefore been able to use the analysis of our review of the literature
to obtain a Carrollian limit of the massless Dirac action, which gives the same equations of
motion as the ones found in [14]. We have identified that in the case of the Galilean and
Carrollian limit, the decomposition into the two-components ¢, and y, of the Dirac field, as
well as their rescaling, plays an important role. Applying this to the analysis of [11], we obtained
a Carrollian limit with a Hamiltonian that is non-vanishing in the limit.
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Chapter 3

Hamiltonian formulation of general
relativity

As the basic dynamical variable of general relativity is the space-time metric, and as the
most common way to derive Einstein’s equations from an action principle is using an action
in Lagrangian form, the standard formalism to introduce general relativity is the Lagrangian
formalism. However, as in classical mechanics and, more generally, in field theory, there exists an
equivalent description through the Hamiltonian formalism. Compared to other field theories,
this transition to the canonical formalism is not so obvious. Indeed, in general relativity,
time and space are treated equally, whereas in the Hamiltonian formalism, time and space
have to be separated [29]. To reach this goal, the four-dimensional space-time manifold is
foliated by spacelike hypersurfaces. With this foliation, one can decompose the spacetime
into “space”+ “time” [30]. There exist several approaches to the Hamiltonian formulation
of general relativity, but the one we develop in this chapter is the ADM formalism, from its
authors Richard Arnowitt, Stanley Deser and Charles W. Misner. This formalism is useful to
define an initial-value problem of general relativity, where one specifies some initial data on
a hypersurface and then evolves these data in time. We will briefly comment on this in the
following. In the frame of this thesis, the Hamiltonian formulation of general relativity will
be used in chapter 4, dedicated to the study of the coupling of Carrollian gravity to spin-1/2
fermionic matter. Indeed, to achieve this, we will rewrite the Einstein-Cartan action coupled to
massless Dirac fermions using the link between the first order and the Hamiltonian formulations
of general relativity. In order to perform this rewriting, it is therefore first necessary to study
the Hamiltonian formalism of general relativity.

As indicated previously, to realize the rewriting of general relativity in its Hamiltonian form,
the foliation of space-time into spacelike hypersurfaces is required. We therefore start this
chapter with some definitions and notions about hypersurfaces. Then, we undertake the study
of the Hamiltonian (ADM) formulation of general relativity. We set ¢ = 1 in this chapter,
the powers of ¢ will be reinstituted by dimensional analysis in the next chapter. This chapter
follows the book of E. Poisson “A relativist’s toolkit” [17]. To complete certain explanations,
the book “34+1 Formalism in General Relativity” by E. Gourgoulhon [30] is also used.
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3.1 Hypersurfaces

3.1.1 Definitions

A hypersurface ¥ is a three-dimensional submanifold in a four-dimensional space-time that
can be either timelike, spacelike, or null. It can be defined in two ways. A first way is to define
a hypersurface as the set of points for which a scalar field ® on the space-time manifold is
constant. With the constant set to zero, this condition reads

O(z) = 0. (3.1)

A particular hypersurface X is therefore selected by putting a restriction on the coordinates,
®(x*) = 0. The second way is to define a hypersurface by giving parametric equations of the
form

7% = (2", (3.2)

where 2! are coordinates intrinsic to the hypersurface. For example, a two-sphere is a hyper-
surface in a three-dimensional flat space that can be described by the parametric equations
x = Rsinfcos ¢, y = Rsinfsin ¢, and z = Rcosf, where 6 and ¢ are intrinsic coordinates, or
by the restriction on the coordinates ®(z,y, z) = x*> +y? + 22 — R* = 0, where R is the sphere’s
radius.

Let ¥ be a hypersurface defined by the equation ®(x*) = 0. The vector 0,9 is normal to ¥
and satisfies the following properties:

e 0,9 is timelike if ¥ is spacelike;
e 0,® is spacelike if ¥ is timelike;
o 0,P is null if ¥ is null.

If the hypersurface is not null, we can re-normalize this vector to introduce a unit normal n,
satisfying

n“n, = ¢ =

(3.3)

—1 if ¥ is spacelike
+1  if Y is timelike

Given that the space-time is endowed with a metric tensor g,3, we would like now to define an
induced metric h;; on a hypersurface 3. Using the parametric equations z*(z"), we can define
tangent vectors contained in X as

o oz®
C Oxt
This implies in particular that efn, = 0. The metric induced to the hypersurface is obtained
by restricting the line element ds? to displacements within the hypersurface. In practice, this

means that

(3.4)

ds% = gapdar®dz’

or® . . ox? .
Jap (axi de ) (ij d > (3:5)

= hijdl’idl'j,

where h;; = gaﬁe?e? is the induced metric of the hypersurface. It transforms as a scalar under
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transformations of the space-time coordinates x®, and as a tensor under transformations of the
hypersurface coordinates. Such objects are called three-tensors.

Concerning the inverse metric ¢*?, it verifies the following relation in the non-null case

g* = en“n® + K e (3.6)

]7

where h* is the inverse of the induced metric. Equations such as (3.6) are called completeness
relations.

3.1.2 Differentiation of tangent vector fields

On a given hypersurface ¥, one may encounter tensor fields A% that are purely tangent
to this hypersurface. They can be decomposed in terms of basis vectors e on :

AP = Afefel (3.7)
This three-tensor A¥, associated with the tensor A%, can be obtained with the projection
Agp.€fe] o= Ay = hahjp - A™ (3.8)

Now that we have defined tensor fields tangent to the hypersurface and their associated three-
tensors, we will briefly describe how they are differentiated. If we restrict ourselves to the case
of a tangent vector field A%, the intrinsic covariant derivative of a three-vector A; is defined to
be the projection of the usual covariant derivative VgA, onto the hypersurface:

V;A;i = VgAacle!. (3.9)

The object V;A; defined here corresponds precisely to the covariant derivative of A;, defined
in the conventional manner in terms of a connection I';; that is compatible with the induced
metric hij7

Vin = GJAZ - FiﬂAl, (310)

where

1
Fijl = 5 (8lhij -+ @hil — @-hjl) (311)

are the Christoffel symbols of the Levi-Civita connection for the induced metric on the hyper-
surface.

The three-tensor V,;A; = VgAae?ef defined just above are the tangential components of

the vector Vg A% ¢?. We would like now to investigate if this vector also possesses a normal

&P i

component. To achleve that, VA%

This provides

is expressed in the form gHVBA“e , and (3.6) is used.

VgA®e; e = = (en"n, + h'"efen,) VgA“eﬁ

=c <nMVBA“ > n® 4 pim (VBA et ﬂ) o (3.12)

i

One can see that there is a term normal and a term tangent to the hypersurface. Using (3.9)
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and the fact that, as A" is tangent to the hypersurface, n, A" = 0, this reduces to

Vadoe] = VyA'ee — e A (Vamyel'e] ) n®, (3.13)
Defining the three-tensor
K;j = Vgn,ef ef, (3.14)
one obtains,
VsA®e] = V;A'ed — e A'K;mn®, (3.15)

nQ

Therefore, the normal component of the vector VﬁAO‘eJ@ is given by the quantity —eA'K;;n
The object K;; is called the extrinsic curvature, or the second fundamental form, of the hyper-
surface . This is an essential quantity in the Hamiltonian formulation of gravity, as we will
discuss in the next section. The extrinsic curvature is a symmetric tensor

K;; = Kji, (3.16)
and it can be rewritten as 1
Kij = § (‘Cngaﬁ) 357 (317)

where £,,g,5 is the Lie derivative of the metric with respect to the normal vector n®. The trace
of the extrinsic curvature is given by

K = h"K;j = Vn®. (3.18)

From its definition in expression (3.14), one can see that the extrinsic curvature tells us how
the normal vector n, changes across the hypersurface ¥ [31]. It is therefore said that K;; is
concerned with the extrinsic aspects of the hypersurface, i.e., the way in which the hypersurface
is embedded in the space-time manifold.

Thus, we have that the induced metric h;; is involved in the purely intrinsic part of the
hypersurface’s geometry, while K;; is involved with the extrinsic aspects of the hypersurface.
Together, these two objects offer an almost exhaustive characterization of the hypersurface.

3.1.3 Gauss-Codazzi equations

Using the covariant derivative (3.10), one can define a purely intrinsic curvature tensor
! l ! m

with
Ry = oT%; — 0,1k 4 TF Ty — T, T (3.20)

It can be proven that it can be expressed in terms of the four-dimensional Riemann tensor
R 50 as
Ra/g,ygea ﬁe?e = Rijlm + € (KimKﬂ — Kilij) . (3.21)

m

One can also prove that the full Riemann tensor can be rewritten in terms of the extrinsic
curvature such as
men 6 Gl = Vl ij VjKil. (3.22)
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The details of these proofs can be found in [17]. The equations (3.21) and (3.22) are named
Gauss-Codazzi equations. They relate the intrinsic and extrinsic properties of the hypersurface
with the geometric properties of the space-time in which the hypersurface is embedded [32].
Moreover, these equations can be written in a contracted form using the Einstein tensor G, =
Rap — %Rgag, with Rag = 6" Ruap and R = 9*PRap, as well as the completeness relation
(3.6):

—2eGapnn” ="R + e (KVK;; — K?) (3.23)
Gapetn® =V, K/ — 0K, (3.24)

where *R = h" R™;,,; is the three-dimensional Ricci scalar®. The equations (3.23) and (3.24)
form part of the Einstein field equations on a hypersurface ¥, and play an important role in
the initial-value problem of general relativity that we will briefly discuss in the following.

Initial-value problem

In the context of classical mechanics, the initial conditions on the position and velocity of
a moving body are required to obtain a complete solution of the equations of motion. In field
theories, this statement is extended to the requirement of the specification of the field and its
time derivative at one instant of time. As in general relativity the field is g,s, it would be
expected that a complete solution requires the specification of g,z and 0;g.s at one instant of
time. This noncovariant statement can be converted into a more geometrical one, defining the
initial value problem of general relativity.

The initial value problem starts by selecting a spacelike hypersurface ¥ which represents
an “instant of time”. The initial values for the space-time metric are then given by the six
components of the induced metric h;; = gage?ef . Thus, there are four arbitrary components of
the metric, and this reflects the fact that we have complete freedom in the choice of coordinates
x® in general relativity. The extrinsic curvature carries information about the derivative of the
metric in the direction normal to the spacelike hypersurfaces, which corresponds to the timelike
direction. This is evident based on its expression K;; = %En (9ap) e?ef . The extrinsic curvature
is therefore a relevant choice for the initial values of the “time derivative” of the metric. In
the context of general relativity, the initial-value problem therefore consists in the specification
of h;; and Kj;; on a spacelike hypersurface . These initial values, however, cannot be chosen
freely as they have to satisfy the constraints equations of general relativity, given by (3.23), and
(3.24) together with the Einstein field equations G,3 = 877T,, with 7,3, the energy-momentum
tensor,

SR+ K? — KYK,;; = 161T,sn"n” = 167, (3.25)

and '
V;K! — ;K = 81T,3efn” = 87y, (3.26)
where the fact that ¢ = —1 for a spacelike hypersurface has been used. In the next section,

dedicated to the Hamiltonian formulation of general relativity, we will see that the remaining
components of the Einstein field equations give the evolution equations for h;; and Kj;;.

@As the Ricci scalar has no indices to indicate that this is a quantity defined on the hypersurface, we insist
with this notation that it is a three-dimensional quantity.
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The 3 + 1 decomposition of space-time that will be presented in the next section allows
formulating the problem of the resolution of the Einstein equations as an initial-value problem
(or Cauchy problem) with constraints. As a matter of fact, it is worth mentioning that this
is the basis for numerical relativity. Although, in this thesis, the use of this decomposition
will be restricted to the rewriting of general relativity in the Hamiltonian formulation. More
information about the initial value problem in general relativity can be found, e.g., in [30].

3.2 Hamiltonian formulation of general relativity

3.2.1 3+1 decomposition

Consider an arbitrary region 7 of the space-time manifold, bounded by a closed hypersurface
07 . The action functional of general relativity is given by the Einstein-Hilbert action,

1

SG[Q] - 167TGN

[ d*r/—gR, (3.27)

where R is the Ricci scalar in 7. For simplicity, and because they will not be needed for the
subsequent content of this thesis, we ignore any boundary terms in the gravitational action.
The boundary terms that accompanied the Einstein-Hilbert action in the gravitational action
and their role are briefly discussed in the appendix B.

As said in the introduction, to express the gravitational action in Hamiltonian form, it is
necessary to perform a decomposition of space-time into “space”+ “time”. This is realized by
foliating ¥ with a family of spacelike hypersurfaces, one for each “instant of time”.

As explained in the previous section dedicated to hypersurfaces, one can define a hypersurface
by putting a restriction on the coordinates. Here, the description of more than one hypersurface
is needed. This can be done by introducing a scalar field ¢(z®), such that t(z®) = C, with
C a constant, describes a family of non-intersecting spacelike hypersurfaces ¥; foliating 7.
Considering our family of hypersurfaces, one can isolate for instance a single hypersurface by
setting C' = 0, and introducing a coordinate system z® = (¢,z,y,z) of ¥ such that ¢t € R,
and (x,y, z) are Cartesian coordinates. The hypersurface 3 is then defined by the coordinate
condition ¢ = 0, with the coordinates z* = (x,y, 2) on this particular hypersurface [30]. This
“time function” only needs to satisfy two conditions: firstly, that ¢t be a single-valued function
of %, and secondly, that the unit normal n® o 0,t to the hypersurface be a future-directed
timelike vector field. On each hypersurface, one introduces a coordinate system z‘. Even if
the coordinates between the hypersurfaces are not necessarily linked with one another, it is
convenient to introduce a relationship between the coordinates on each hypersurface for the
foliation. This relation is represented in figure 3.1. Consider a set of non-intersecting curves
v (also called a congruence of curves) intersecting the hypersurfaces ¥;. It is not assumed
that these curves intersect the hypersurfaces orthogonally. We use t as parameter along the
curves, such that the vector t* is tangent to the congruence. With this construction, one has
the relation

%0t = 1. (3.28)

By observing the figure 3.1, it becomes apparent that the curves v establish connections be-
tween various points across different hypersurfaces, such as P, P’, and P” in the figure. This
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Figure 3.1: Foliation of space-time by spacelike hypersurface [17].

mapping between points on each hypersurface through the curves + can be utilized to construct
a coordinate system that is well-suited for the foliation. This can be done by fixing the coor-
dinates of P’ and P”, given z*(P) on X, by imposing z‘(P") = z'(P’) = 2(P). Therefore, z
remains constant along each curve v, and this defines a coordinate system (¢, z%) in #". In the
following, we will always refer to these coordinates as the “ADM coordinates”.

The transformations between the usual coordinates z and the ADM coordinates give us the

tangent vector to the curve®,
ox®
t*=1—1 , 3.29
(%), 029
and the tangent vectors on the hypersurface ¥,
ox®
o — ) . 3.30
K ( Oz’ )t ( )

In particular, these relations imply that, in the coordinates (¢,z"), the two vectors reduce to
t* = 07 and e = 6. By definition of the tangent vectors to the hypersurface, we also have
that

Lie® = 0. (3.31)

Let us introduce the unit normal to the hypersurface

n, = —NO,t, (3.32)
with N, the scalar function called the lapse. The unit normal, with ¢ = —1 for spacelike
hypersurfaces, obeys

n,n® = —1, n,ef =0. (3.33)

One more object needs to be introduced in this 3 + 1 decomposition of space-time: the three
vector N* known as the shift. It can be introduced via the expression of t* in the basis provided
by e and n®,

t* = Nn® + N'e?. (3.34)

®The notation t* = (%)x1 means the derivative of £ with respect to t at z° constant.
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The figure 3.2 represents the situation. Let us now express the metric g,s and its inverse g*°

Figure 3.2: Decomposition of t* into lapse and shift (inspired by [17]).

in terms of the ADM coordinates (¢, z"). We start by writing the change of coordinates for dz®:

dz® = t*dt + ef'dx’ (3.35)
= (Ndt)n® + (dz’ + N'dt)e?, (3.36)

where the expression of t* (3.34) has been used, as well as the definition of the tangent vectors
(3.29), and (3.30). Using (3.33), the line element ds®> = g,sdx®dx” is then given by

ds? = —N2dt* + hy; (do' + N'dt) (da’ + N7dt) (3.37)

where hj; = gapef'e; is the induced metric on 3J;. We therefore get the following expression for
the metric components in the coordinates (¢, z"):

N!N; — N2 N;

We would like now to express the metric determinant in terms of h = det|h;;]. The component
of the metric ¢g* is given by ¢ = cofactor(gy)/g = h/g, but also by the change of coordinates
gt = g*P0,t0st = g*Pn.ngN~2 = —N~2 where expressions (3.32) and (3.33) were used.
Combining the two, one obtains

V=g = NVh. (3.39)

The equations (3.34), (3.37), and (3.39) are commonly recognized as the fundamental results
of the 3 + 1 decomposition.

3.2.2 Field theory

Let us pursue with the description of the Hamiltonian formulation of a field theory in this
“3 4+ 1 decomposition formalism”. As in [17], we consider here a scalar field ¢ for simplicity.
This can easily be applied to any tensorial type of field. In this formalism, the vector t* defined
as (3.34) can be seen as the time flow vector which generates the diffeomorphisms that map
Y4, into 3y, 4+ such as (3.28) is satisfied [32]. Given two hypersurfaces of the foliation, the time
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evolution of the fields can be conceptualized as the manner in which these fields change between
the two hypersurfaces. With this in mind, the “time derivative” of a field ¢ is defined as the
Lie derivative along the vector t¢

o= Lip. (3.40)

In the ADM coordinates (¢,z"), one has t* = %, and the Lie derivative reduces to the usual
time derivative

= —. 41
Lo ot (3 )

This is true for any tensor field using the ADM coordinate system adapted to the foliation.
Using this definition, the field’s canonical momentum 7 is defined by

P 9 (v—9£) (3.42)

dp

so that in the ADM coordinates, it reduces to its usual definition. Then, one can also define
the spatial derivative of the field
Oip = Ogpes. (3.43)

Finally, the Hamiltonian density is obtained via the Legendre transformation
H (7T7 ®, az@) - ng -V _QL, (344)

and the Hamiltonian functional is defined as
Him, ¢] = / d’x H(m, ¢, ). (3.45)
¢

With this Hamiltonian, the action functional is given by

to
S :/ dt/ dr (o —H). (3.46)
t1 >t

We consider here, and in the following of this section, a region " of the manifold, foliated by
spacelike hypersurfaces ¥; bounded by closed two-surfaces S;. The region ¥ is itself delimited
by two spacelike hypersurfaces ¥;, and ¥;, as well as a timelike hypersurface & (see figure
3.3). The Hamilton form of the fields equations is carried out in [17] by varying the action with
respect to ¢ and 7, such that d¢ vanish on the boundaries ¥, , ¥;,, and Z. The final result is

oH oH oH
P=—— 4+ O = —— 4

which are the Hamilton’s equation for a scalar field ¢ and its conjugate momentum 7.

3.2.3 Gravitational action

Having established the 3 4+ 1 formalism, we can now apply it to the Gravitational action

B 1
N 167TGN

Sa

/ d*z \/—g¢R, (3.48)
VA
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Figure 3.3: The region ¥, its boundary 97, and their foliations [17].

with the same set-up as above. In the following, n®, z*, h;;, and K;; will refer to the spacelike
hypersurfaces ;.

It has been established through a rigorous proof, detailed in section 3.5.3 of [17], that the
Ricci scalar evaluated on the hypersurface ¥ can be expressed in terms of the extrinsic curvature
as

R =°R+KYK;; — K* =2V, (Vgn"n’ —n*Vsn’) (3.49)

where ®R is the Ricci scalar constructed from the induce metric h;;. Using the fundamental
results of the 3 + 1 decomposition (3.39), written as d*z \/—g = dtd*z N+v/h, we have that

to
/ d*z/—gR = / dt / PNV (CR+ KK — K?)
7 hoo I (3.50)
- 2/ d*rNVhV, (Vpnn” — n*Vyn”).
v

The last term gives a boundary term using the Gauss-Stokes theorem, so we can disregard it
in the action. The gravitational action in the 3 4+ 1 decomposition gives thus

1 f2 g
Se = / dt {/ d*zNVh (*R+ K9 K;; — KQ)} . (3.51)
t1 ¢

167TGN

3.2.4 Gravitational Hamiltonian

The action (3.51) is to be considered as a functional of the variables h;;, N, N* (which describe
the full space-time metric components g,s, c.f. (3.37)), and their time derivatives hz], N, N¢
[30]. As a first step towards the Hamiltonian formulation, let us define the conjugate momentum
to the metric h;;. To accomplish that, following the definition of the time derivative of the field
(3.40), S must be expressed in terms of

hij = Lihi, (3.52)

where ¢t is the vector field defined by equation (3.34). Using the definition of the induced
metric, we have,

s (gagel ef ) (L1gas) €€, (3.53)
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where equation (3.31) is used. The Lie derivative of the metric is then given by

ﬁtgag = Vﬁta -+ Vatﬁ
= VB (Nna + Na) + V. (Nnﬁ + Ng) (354)
= naaﬁN + 8QNH5 + N (Vgna + Vanﬁ) + VﬁNa + VQNB,

with N® = Nie®

7

and using equation (3.34). In the end, the time derivative of the metric is
given by

hij = 2N (Ki; — V;N; — V;N;), (3.55)
where the definitions of the extrinsic curvature and the intrinsic covariant differentiation that
we defined in section 3.1 are used. One can therefore express the extrinsic curvature K;; in

terms of the time derivative of the metric

1 .
Ky = 5 (his = Vil = Vil (3.56)
The dependence in hw of the gravitational action is therefore realized through the extrinsic cur-
vature. One may also notice that there are no time derivatives of N and N? in the Lagrangian,
meaning that the conjugate momenta to N and N° are not defined. This also indicates that
the lapse function N and the shift N¢ are not dynamical variables, which is in line with the
fact that these two objects only serve to specify the foliation of #". Indeed, the foliation being
arbitrary, we have complete freedom in the choice of the lapse function and the shift vector.
Based on its usual definition, the conjugate momentum is given by
.y 9(v—9La)

= — 7 3.57
i (3.57)

As the dependence in hm of the gravitational action is realized through the extrinsic curvature,
the momentum can be rewritten as
0K, O

(167G y) 7 = T ((167Gn) vV—9Lc) , (3.58)
ij mn

where

(167GN) vV—9Lc = PR+ (h™h' — hIh™) Kij K] NVh. (3.59)

Evaluating the latter expression explicitly, provides
(167Gy) 7 = Vh (K7 — Kh'). (3.60)

Then, using the Legendre transformation H = 7%h;; — £, as well as equations (3.55), (3.58),
and the Lagrangian (3.51), one can develop

(167G x)He = Vh (K7 — Kh7) 2NKj; + V;N; + ViN;) = *R+ KYK;; — K*) NVh
= VhN (K"K;; — K* = *R) + 2 (K7 — Kh"7) V;NyVh

=V, (K"K — K* =*R) NVh - 2V; (K" — Kh') Niv/h.
(3.61)
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The second line is obtained using the definition of the trace of the extrinsic curvature K = h K
and the fact that it is symmetric. The last line is obtained with an integration by parts in the
last term. Finally, the gravitational Hamiltonian action is given by

SG = /dt/ d3$ (Wijhij - N'HL - NZ'HZ> (362)
3¢
with
= KVK,, — K?-3 = — (KY — KhY .
s 167Gy ( 7 R), # 167Gy Vil ) (3.63)
and Jh
U= h (Kij — Khij) . (3.64)

167G

In these expressions, K;; stands for the function of h;; and 7 given explicitly as

167TGN ( ij 1
T

7 - §7rhij> : (3.65)

K9 =

with m = hym".

3.2.5 Variation of the Hamiltonian

Now that the Hamiltonian of general relativity has been defined, let us focus onto the
equations of motion. Hamilton’s equations of motion are obtained by varying the action with
respect to the variables h;;, N, N* and 7. First, to carry out the variation with respect to h;;
and 7 one has to express the Hamiltonian part of (3.62) in terms of these variables instead
of Kiji

S = / dt / dx (wiﬂ'hij — NH, — NH) : (3.66)
3t
167Gy [ 1, Vi, B ;
H, = N (7r TMij 2%) 167G R, H;=-2V;x,’ . (3.67)

This action is varied with respect to N, N’ h;; and 7, all treated as independent variables,
and with the variation restricted by the conditions

SN = 6N' = 6h;; =0 on S;. (3.68)

After a long calculation detailed in [17], the complete variation of the gravitational action is
given by

5Sq = / ((hij — Hij)omiy — (77 + PY) Shyj + H1ON + HicSNi) d’r, (3.69)
P

P =NLK/2GI — Z N~ /2 (Wlmmm — —772) R 4+ oNRB1/2 <7le7le — —7r7r”)
2 2 2 (3.70)

— WM (VINT — hOV'N,) — Y2V, (20 NY) + 270w, N,
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with G¥ = R — 13Rh' | the three-dimensional Einstein tensor, and
1
Hy; = 2Nh~ 216 (mj — Eﬂhi]) + 2V Ny). (3.71)

Requiring the action to be stationary provides the vacuum Einstein field equations in Hamil-
tonian form

hij = Mij, 77 = =P, H, =0, H; = 0. (3.72)

The first two equations give the time evolution of h;; and 7. The last two equations are the
Hamiltonian constraints (A, = 0) and the momentum constraint (H; = 0) of general relativity.
We already obtained them in section 3.1.3, where they were referred to as the constraints
equations of general relativity. Now that we have derived all the Einstein’s equations, we give
more details about the initial value problem in the following.

With the Hamiltonian formulation of general relativity, one therefore has the time evolution
equations of h;; and Kj;; to define the initial value problem. The strategy to solve the Einstein’s
equations is thus the following. The first step is to choose a certain foliation of space-time,
with the specification of N and N? as functions of the ADM coordinates. As explained in 3.1.3,
there is complete freedom in the choice of coordinates, which implies that one can choose the
lapse and the shift freely as they are associated with the choice of coordinates (¢, z'). One must
then choose initial data for h;; and K;; such that the constraints equations

R+ K? - KVK;; =0, V;(KY—Kh")=0 (3.73)

are satisfied. Finally, using the equations h;; = H,;;, 79 = —P%  the initial values can be evolved
in time. The equations (3.72) usually serve as the starting point for numerical relativity.

In this section, we have first rewritten the gravitational action in Hamiltonian form with a
decomposition of space-time into “space” + “time”. Then, we have investigated the equations
of motion. We have also seen that this formalism is especially useful in the definition of
the initial-value problem of general relativity. In the frame of this thesis, we will use the
Hamiltonian formulation, as well as the “3+1” decomposition described in this section to study
the Carrollian limit of Einstein’s theory of gravity coupled to Dirac fermions.
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Chapter 4

Coupling Carrollian gravity to
fermionic matter

In section 2.1, we have followed the analysis conducted by [11], which explored the Carrollian
limits of Lorentz-invariant theories through the Hamiltonian formalism. Among these theories,
the Carroll limits of Einstein’s theory of gravity were also studied. Through this analysis,
two distinct limits of this theory were identified, namely, the magnetic and electric limits of
Einstein’s theory of gravity. The interest of this section is in the magnetic limit, which can be
derived as follows. One starts from the Hamiltonian action that we have studied in section 3.2,

Sg = / dt / P (nlhyy — NHL — N'H;) (4.1)
pI

with

1 2 . 1 h /
_ 167Gy (W‘Mrij - 72) v R,  M;=—-2V;m 7, (4.2)

,Hli \/E B 167TGM ’

where the explicit powers of the speed of light ¢ are written, and where Gy = ¢ Gy, with G
Newton’s constant. As we have explained in section 2.1, the “direct” ¢ — 0 limit in the action
leads to the magnetic theory, while the electric theory is obtained via a c—dependent rescaling
of the fields. In [11], the identification

2
Hy = — SR, Hp=—+— (Wijmj — —7r2) , (4.3)

is performed, such as in the direct limit, the electric Hamiltonian Hpg vanishes. Carrollian
theories of gravity have also been constructed by gauging the Carroll algebra, for example in
[16]. It was suspected that the magnetic action found through the Hamiltonian formulation of
[11], and the action obtained in [16] through a gauging of the Carroll algebra, were equivalent.
The aim of [15] was to prove this equivalence and clarify the links between these two actions.

In addition to the comparison of the two already discussed ultra-relativistic limits, the prob-
lem was also studied in the following way. Rather than directly examining the outcome of the
Carrollian limit, the results have been revisited, starting from the relation between the first
order and Hamiltonian formulations of gravity [33, 34, 35]. The aim of this part of the thesis
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is to pursue this work by adding the coupling to massless Dirac fermions to their analysis.

This chapter is organized as follows. Before getting to the heart of the matter, we will review
some concepts necessary for the study of fermions in curved space: the vierbein formalism, the
definition of a Lagrangian invariant under local Lorentz transformations and, finally, the first
order formalism. Afterward, we will define the procedure of the “gauging” of an algebra. We
will then rewrite the Einstein-Cartan action coupled with Dirac fermions in Hamiltonian form
using the relation between the first order and the Hamiltonian formulation of general relativity.
Finally, we will take the ¢ — 0 limit and analyze the results obtained.

4.1 General relativity with spinors

In this section, we review some concepts required to describe fermions coupled to gravity.
First, we describe the wvierbein formalism, that we will use throughout the following of this
chapter. Second, we define the covariant derivative for fermions, in order to be able to define
them in curved space-time with a Lagrangian invariant under local Lorentz transformations.
Finally, we introduce the first order formalism of gravity coupled with fermions, which is an
equivalent way to the usual second order formalism in which general relativity is defined. The
content of the two first sections draws from the book “Geometry, Topology and Physics”, by
M. Nakahara [36], and the last section from the book “Supergravity” by D.Z. Freedman and
A. Van Proeyen [37]. We set ¢ =1 in this section.

4.1.1 Non-coordinate bases

The metric is of central importance in general relativity. However, when dealing with
fermions in curved space-time, it is convenient to use the wierbein formalism, introduced in
the following paragraphs.

Let us consider a D-dimensional differentiable Lorentzian manifold M equipped with a metric
g". In coordinate basis, the tangent space T, M and the cotangent space T;M are spanned
respectively by {0/0z*} and {dz*}. Consider the change of basis

- 0
=i

(4.4)

with E’ a square D x D change of basis matrix € GL(D, R), with det(E’) > 0. We require
E 4 to be orthonormal with respect to g,

9(Ea, Eg) = guwE4YE} = NAB- (4.5)
Then, we introduce the inverse of EY;, E,j‘, such that
EYE} =6t ELE} =0 (4.6)
This allows to introduce the dual basis E4

A A
EA = BAda, (4.7)

@M is said to be Lorentzian if the signature of the metric is (—, +, 4, +), which is the case in this thesis.
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such that
E4(EP) =65, (4.8)

One can easily inverse expression (4.5), giving,
9w = ELElnap. (4.9)

The bases E 4 and EA are called the non-coordinate bases. In the following of this thesis, we
will use the capital Latin indices A, B, ... to refer to these bases. In arbitrary dimension D, the
coefficients E;? are called the vielbeins, and in four-dimensions they are called the vierbeins.

The connection coefficients with respect to the coordinate basis can be defined by

-~ -~ 0 9,
VAEBEQACBEC:QACBE%%EQAMB @ (410)

This relation can be expressed using the definition of the coordinate basis as

0

. . y 0
Vakp = EY (8,E% + B3I ) T = QACBEg@, (4.11)
and contracting with E;‘, we have
0,E% + T \Epy — Q,CpEY = 0. (4.12)

This last relation is known as the wielbein postulate (or vierbein postulate if we are in four-
dimensions), and it can be rewritten as

V,.E4 = 0. (4.13)

One defines the connection one-form Q45 = QA5 EC. This allows to introduce the torsion
two-form, T4 = 3 Tpc* EP A E€, as well as the curvature two-form R*4p = R4 pcpE° A EP,
via Cartan’s structure equations

dEA + QA5 ANEB = T4, (4.14)
dQs + Qe A Q% = R4, (4.15)

Starting from the dual basis EA, one can always obtain another orthonormal basis EA by a
local Lorentz transformation

E4(p) = Mp(p)EP (p), (4.16)

at each point p. The local Lorentz transformations are defined as the transformations preserving
the flat local metric n45. The transformation rule of the spin connection can be found by
requiring that the torsion 74 transforms as a vector:

Vg = Mo (A1) 5+ Ae (dAY) 5. (4.17)

Finally, let us discuss the Levi-Civita connection in a non-coordinate basis. Recall that the
Levi-Civita connection is the unique connection on a manifold with metric g that is metric
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compatible and torsion-free. The metric compatibility condition takes the form
Qap = —Qpa. (4.18)
The torsion-free condition reads simply
dE* + Qs AEP = 0. (4.19)

As we will elaborate in the next section, the non-coordinates bases introduced here are of great
importance for defining spinors in curved space-time.

4.1.2 Spinors in curved space-time

To address gravity coupled with fermionic matter in the forthcoming sections, it is essential
to begin by defining spinors that are coupled with a curved background. To define a field theory
in the presence of gravity, one can use the minimal coupling procedure where one starts from the
action in flat space and substitute the flat metric with an arbitrary metric, ordinary derivatives
with covariant derivatives, and the integration measure d*z with d*r\/—g. This can also be
applied to the case of Dirac fermions. However, there is one peculiarity for fermionic theories
with respect to other theories containing only bosonic fields. Spinors are defined by their
transformation properties under special Lorentz transformations, meaning that local frames, or
vierbeins, that we have introduced in the last section, are a necessity to treat spinors in general
relativity, as they allow to define Lorentz transformations in each point. In the following, we
start from the Dirac Lagrangian minimally coupled and define the covariant derivative such as
the Lagrangian is invariant under local Lorentz transformations.

Let ¥ be a Dirac spinor in four dimensions and let 44 denote the 4 x 4 complex Dirac
matrices satisfying the Clifford algebra {74,7?} = —2n*P. A Dirac spinor transforms under
a local Lorentz transformation A% z(p) as

V(p) = p(M)¥(p), ¥ = U(p)p(A)~, (4.20)
where p(A) is the spinor representation of A. For the Lagrangian
L=V(v"V,4—m)¥ (4.21)

to be invariant, one has to seek a covariant derivative which is a local Lorentz vector and
transform as a spinor,

VAU — p(A)AAPV T, (4.22)
Suppose that V 4 has the form
Val =E4[0,+0,] 7, (4.23)
and note that
EY0,9 — AP ELOLp(A)Y = AP EY [p(A)D, Y + D,p(A) Y] (4.24)

From (4.24) and (4.22), one has that ©, must satisfy

O, — p(M)Oup(A)™H = 8up(A)p(A) . (4.25)
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We would like now to find the explicit form of ©,, such as it fulfills the transformation (4.25).
To achieve that, we consider an infinitesimal Lorentz transformation As? = 947 + €47, where
€ap is antisymmetric. Under this transformation, the Dirac spinor obeys

1 1
U — exp [55‘432/131 U~ <1 + §5ABZAB> v, (4.26)
where X p = —% [74, 78] is the spinor representation of the generators of the Lorentz algebra
[X4B:Xcp] = NacXpB +MBpXca — NapEcB — NBCXDA- (4.27)

With this Lorentz transformation, (4.25) becomes

1 1 1 1
6# — (1 + §€ABEAB> @N (1 - —€CDECD> - 5(3?“5‘432143 <1 - —SCDECD>

2 2
1 1 (4.28)
= @M + §€AB [EAB, @M] — §8M€ABZAB.
If we define .
O, = §QMABZABa (4.29)

knowing that the infinitesimal version of the local Lorentz transformations of the components
of the spin connection (c.f. eq. (4.17)),

047 = QA +e400,P — QA (e — 0,67, (4.30)

the transformation (4.25) is satisfied. Indeed, one has

1 1
§QMABEAB N 5 (Q/LAB + €ACQMCB . QMA C€CB o augAB) ZAB ( )
4.31
1 1 1 1
= EQHABZAB + §€AB EAB; §QHCDECD - 58#5‘432143,

where the last line is obtained using the Lorentz algebra (4.27). Finally, the following expression
for the covariant derivative is obtained,

1
V.U =0,V + 5@/‘32@@, (4.32)
with ©4p = —% [v4,75). The Lagrangian
- 1
L=T [WAE“A (au + §Q,/‘BEAB) - m} v (4.33)
is therefore a scalar under coordinate and local Lorentz transformations. In the subsequent
section, we will utilize the definition of the covariant derivative derived in this section. Specif-

ically, we will examine the coupling between spinors and gravity in the first order formalism,
where the vierbein and the spin-connection are treated as two independent fields.
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4.1.3 First order formalism for gravity and fermions

General relativity is usually introduced in the second order formalism, in which the metric,
or the vierbein, is the dynamical variable. In that case, the covariant derivative and curvature
tensors are constructed from the torsion-free connections I'*,,(g) and 2,45 (e). There exists
however another way to describe gravity, which is through the first order formalism, where one
starts with an action in which the vierbein and the spin connection are independent variables.
In this formalism, the assumption that the connection is free of torsion is not made; this will
be derived as an equation of motion. Without matter, the equations of motion obtained by the
variation of 2,7 set the spin connection in terms of the vierbein, ©,4% = Q,45(e) as in the
second order formalism. It is therefore straightforward to switch between the two formulations.
However, if one considers the coupling of gravity with fermionic matter, the equations of motion
with respect to 2,47 give a contributing term to the torsion. This contribution implies that
the Q,47 field equation gives the relation Q,4% = Q,45(e) 4+ K48, where K,45, which is the

contorsion tensor defined in terms of the torsion tensor 7,,, = ¢,o 7w’ as

1
Kot = D) (7@“/]/) - ﬁvp]u + ,ﬁpuhj) J (4.34)

is determined as a quadratic expression in the spinor fields. It can be proven that substituting
this into the first order action will lead to terms in the action quartic in the spinor fields. We
will observe this result in section 4.4, where we will explicitly re-express the spin connection
using the equations of motion.

The Einstein-Hilbert action of general relativity expressed in terms of the metric g, that
we have used in the description of the Hamiltonian formulation of general relativity, can be
expressed in terms of the vierbein Ef. This gives the second-order action where the Ricci scalar
is only a function of the vierbein. As explained at the beginning of this section, this is not the
only choice. We can indeed consider the first order action

SclE, Q4P = 1673 an / d‘zE EYEYR,. AP0, (4.35)

with the Riemann tensor expressed in terms of the spin-connection QNAB,
R = 20,9, + 29,290, " Pnep, (4.36)
and the relation F? = (det(E"))* = —g between the determinant of the vierbein and the one

of the metric. This action is the Finstein-Cartan action, where the spin-connection QHAB and
the vierbein E/f‘ appear as independent variables. In this section, we would like to describe the
coupling of general relativity to fermionic Dirac fields in this first order formalism that was just
described. In order to achieve that, we use the following massless Dirac action in curved space,

Sijp = / d%E(%\IwAEQ’;VH\I/ LV, A B ) (4.37)

with
1 _ _ 1
Vil = (0, = 50, P [a )V and UV, = U0, + 0, a, ). (4.38)

This action results from the addition of a covariant derivative with respect to the one with the
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Lagrangian that we have defined in the section concerning spinors in curved space-time (c.f.
(4.33)). In the first order formalism, as we have said above and that we will demonstrate in the
following, the coupling to fermions implies that the connection is not torsion-free. However, a
term proportional to the torsion appears when integrating by parts in that case (see appendix
C for the proof of this result). The actions (4.33) and (4.37) are therefore inequivalent in the
first order formalism. In the literature that we follow in this thesis to carry out the coupling of
fermions to Carrollian gravity, the action (4.37) is used. We will therefore use this convention
to make easier the comparison of our results with those in the literature later on.

Let us now carry out the variation of the coupled action Sy, + Sg with respect to the spin
connection 2,5, Defining £? = 87Gy to streamline the calculations, one can find that the
variation of the gravitational action is given by

556 = — [ d's B BB, (V80,48 — v,60,8 + T,,°60,17) | (4.39)

2K2

which reduces to

1
056 = 55 [ d'v B (2V, (EAER0QP) + ELERTL 00,"7) . (4.40)

using the A, B anti-symmetry of the spin connection and the vierbein postulate given by (4.13).
Performing an integration by parts of the first term, we arrive to

1
556 = 5 5 / d'e B (2T, By + Tap )00, (4.41)
or if we make the A, B anti-symmetry explicit,

1
S =— [d2z E ( Toa’Ey — T,8"E + 7;13”) 50,45, (4.42)

2k2

Let us now perform the variation of the massless Dirac action (4.37) with respect to the spin
connection. Introducing the completely antisymmetric object vy,4p = 4_11{7!1«7 [v4,7vB]}, the vari-
ation of the massless Dirac action in this antisymmetric form is given by

i i

0512 = / d'z E ( - 1_6\1'7H59uAB[7A;’YB]‘I’ - 1—6\If59f3m,73])7“‘11) (4.43)
i _

= / d'v B Uy* 450 69,45 (4.44)

If one combines now (4.41), and (4.44), such as 0.5 + 8512 = 0, one arrives to

1

v v v Z.7 v
o ( ToAPEY — ToPE% + Tas ) — LTy 0. (4.45)

4

By contracting this equation with 72, one can see that the trace of the last torsion in the
left-hand side vanishes, as the trace of the right-hand side is zero due to the anti-symmetry of
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7" ap. Finally, the expression of the torsion in the presence of spin-1/2 Dirac fields® is given by
v ’L.’%Q I~V
Tag” = 7‘117 apV. (4.46)

This expression will be derived in section (4.4) in the context of Carrollian gravity coupled to
spin-1/2 fermionic matter.

4.2 General relativity as a gauge theory

A gauge theory is a theory enjoying a local symmetry, i.e. the transformations parameters of
the symmetry depend on the space-time position. The action of the gauge theory is invariant
under these transformations. Having this in mind, for the comprehension of this part of the
thesis, we now need to define what it is meant by “gauging” an algebra in [15] and [16]. In
this thesis, we restrict ourselves to an explanation based on an analogy with Yang-Mills theory.
Readers interested in delving deeper into the concept of the gauging of an algebra are referred
to the dedicated literature covering this topic (see, e.g., [38, 39]).

The gauging procedure proposed in the latter two papers can be compared to the case of a
Yang-Mills theory. In this theory, a gauge field A,(x) is expanded in terms of the generator
matrices T of a given compact group, such as A,(r) = Af.(z)T,, and the Lagrangian of the
theory is invariant under gauge transformations of this field A,(x). The idea of the gauging
procedure for the case of general relativity is to describe this theory as a gauge theory for the
Poincaré group. The crucial difference between the general relativity and the Yang-Mills cases
is that, for the case of general relativity, the action is not invariant under the whole Poincaré
transformations of the gauge fields, but only under the one generated by its homogeneous
subgroup, the Lorentz group. The connection components associated with translations are
called in this approach the “solderings” forms (the vierbeins), and they are regarded as tangent
vectors to the manifold. This endows the tangent spaces to the manifold with a structure on
which the Lorentz (the homogeneous Poincaré) group acts. The starting point is the Poincaré
algebra

[Map, Mcp| = nacMpp + nspMca — napMce — npeMpa,
[Map, Pc| = nopPa — ncaPp, (4.47)
[Pa, Pg] = 0.

A connection one-form taking values on the Poincaré algebra can be defined as

A, =E}Py+ %Q#ABMAB. (4.48)
This step is the same as what is done for Yang-Mills theory. However, one can use the feature
of the Poincaré algebra that some of its generators are translations to identify a basis of tangent
(co)vectors to the manifold, as explained above. The gauge field E;f is therefore the vierbein
field, while Q MAB is the spin-connection field. Under local gauge transformations, the Poincaré
connection (4.48) transforms as 04, = D,I' (Yang-Mills type transformation), where D, =

Note here that if we had performed the variation with the action defined by the Lagrangian (4.33), one would
have obtained the expression T4p"” = %@7"%4 BV, showing that the two actions are indeed inequivalents.
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0,I' + [A,,,T'] is the covariant derivative of the gauge parameter
1
L =n'Py+ 5@ABQAB. (4.49)

In components, this gives the gauge field transformations:

SEL = o™ + Qs — EFO3, (450)
(SQMAB _ aﬂ@AB + Q#C’[A@B}C' !

In the same way that the connection A,(z) is expanded in terms of the generators in Yang-
Mills theory, so is the Field strength F),, = F};, T*. This object is defined as the commutator of
the covariant derivative with respect to the connection A, = A%T*. In the context of general
relativity, one can also define such an object, known as the curvature of the Poincaré connection

Fuw = Ay, — 0,A, + [Ay, A)) = T Pa+ %RWABMAB, (4.51)
where the torsion tensor ’7;/‘ is defined as
T =2 (0B + QP Eyp) | (4.52)
and the curvature tensor RWAB as
R, =202 + Q0 nep) - (4.53)

We consider the following action, known as the Einstein-Cartan action, which is invariant under
local Lorentz transformations and general coordinate transformations:

1
5= 167TGN

/ d*z E ENEYR,.,*5, (4.54)

with £ = det(E/f‘), and where we have defined the inverse vierbein E’) such as
EMEy =65, ELEY =6 (4.55)

Now that the case of general relativity is realized, let us move on to the gauging of the Carroll
algebra.

4.3 Carrollian gravity as a gauge theory

The correspondence with Yang-Mills theory to define general relativity as a gauge theory can
also be applied to the Carroll algebra to define Carroll gravity. The Carroll algebra (without
the vanishing commutators of the space-time translations) takes the form

[Mabu Mcd] - 5achb + 6bnda - 6andb - 6bcha)

[Mab; Bd] = (deBa - 5ade7 [Maln Pc] = 6cha - 5can7 (456)
[Maba H] = 07 [Bau H] = 07
[Bay Pb] - 5baHa [Baa Bb} - 07
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where we have decomposed the A—indices into A = {0, a}, with a,b,... taking spatial values
1,2,3. As explained in the subsection 1.4.2, one can obtain this algebra by a contraction of
the Poincaré algebra, where the speed of light ¢ goes to zero. However, one can also introduce
¢ = €¢, with € a dimensionless parameter, so that the limit corresponds to sending ¢ — 0.
We set then ¢ = 1. This is how it is defined in [16]¢, with the same rescaling of the Poincaré
generators as introduced in the subsection 1.4.2,

Py = H, (4.57)
My, = B, (4.58)

but with ¢ replaced by e. The Carroll algebra defined above can be rewritten in a compact

manner as
[Mag, Pc| = CcpPa — (caPp,

(Mag, Mcp| = CacMpp + CspMca — CapMep — (e Mpa,

with the tensor (4p, which is the degenerate Carroll metric that we have defined in section
1.4.1,

(4.59)

0 0
(Cap) = ( 0 6. ) , (4.60)
and the vector

(n”) = ( (1) ) . Capn® =0 (4.61)

As in the case of general relativity, the first step in the “gauging” of a Lie algebra is to define
a connection one-form taking value on that algebra, here the Carrollian one

1
Ay =1,H + e, Py + w;, B, + éw““bMab. (4.62)

We can apply the same reasoning that we have used for general relativity to the Carrollian case
here since some of the generators of the Carroll algebra are translations, and can be therefore
identified with a basis of tangent (co)-vectors to the manifold. We have that {7, eZ} constitute
a basis of the cotangent space. In [15], the dual basis of the tangent space is represented as
{n#,et}, and we will maintain this notation. With the gauge parameter

1
I'=¢H+ P, + \°B, + §AabMab, (4.63)

the gauge fields transform as

def = 08" + w, & — el Ny,
0Ty = O + wipla — €5,
0w, = ™ + 2w, AN,

owy, = A" + wuab)\b - wﬁ)\g‘.

(4.64)

In the continuity of the definition of a gauging of general relativity in the previous section, we
would like now to define an action invariant under the homogeneous Carroll subgroup, which

“To be more specific, they define it using a parameter w tending to infinity. This is entirely equivalent to
our approach here.
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is the group obtained by contraction of the Lorentz group. In [16], this was derived by taking
the ultra-relativistic limit of the Einstein-Cartan action. To define this limit, the gauge fields
and symmetry parameters of general relativity are redefined with the same parameter € used to
obtain the Carroll contraction. The requirement was that the connection (4.62) and the gauge
parameter (4.63) are invariant under the redefinitions of the generators (4.58). In other words,
if we start with the connection (4.48) and the gauge parameters (4.49), with the redefinition of
the generators (4.58) and the fields, we want to retrieve the ones associated with the Carroll
group in the limit ¢ — 0. This condition leads to the following redefinitions of the gauge fields
and parameters

0 __ Oa __ a
E, =er, Q, = ewub

a —_ a a J— al
Eu = e}, Qu =w,”,

n() :Eé, ®Oa :6)\(17 (465)

77a :é-a’ @ab :)\ab‘

Performing these redefinitions in the transformations (4.50) associated with the Poincaré group
and taking the limit € — 0, one retrieves the Carroll transformation (4.64). Using this same
rescaling in the Einstein-Cartan action, and taking the ¢ — 0 limit, a Carrollian action invariant
under local homogeneous Carroll transformations was derived in [16].

Now that we have defined the procedure of the “gauging” of an algebra, we will move on in
the following section to the rewriting of the Einstein-Cartan action coupled to massless spin-1/2
Dirac fields in Hamiltonian form.

4.4 Magnetic limit of gravity coupled to Dirac fermions

A particular feature of Carrollian geometry which will be important in this section is that,
contrary to the Riemannian case, there is no unique torsion-free, metric compatible connection
[39]. One has instead a connection determined up to the addition of a term proportional to an
arbitrary symmetric tensor. This means in particular that if we are in the first order formalism
of general relativity, and we want to express the Carrollian spin connection in terms of the
vierbein using the torsion constraints, one component of the connection will remain arbitrary.
In the analysis performed in [15] to prove the equivalence between the Carrollian actions of
[11] and [16], this component turns out to be proportional to the conjugate momenta to the
spatial metric, and this allowed to recover the magnetic limit of the Hamiltonian formulation
of gravity.

As explained at the beginning of this section, this equivalence between the two actions
has also been derived from the relation between the first order and Hamiltonian formulation
of gravity. To go from one to the other, as we will see in details, one needs to express all
components of the spin connection but one in terms of the vierbein. In the end, if we are in
the relativistic case, one can choose to express this latter connection in terms of the vierbein
if we want and retrieve the second order formulation of gravity. However, when performing
the ¢ — 0 limit, this choice is not available anymore because the connection component that
play the role of conjugate momentum are arbitrary, and one is forced to keep the component
associated with the conjugate momentum.

In the following of this section, we will complete the analysis of the section “Magnetic limit
of the Einstein-Cartan action” of [15] by incorporating the coupling to massless Dirac fermions.
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We will then take the analysis even further by using the rescaling of the Dirac fields that we
introduced in the study of the Carrollian limit of the free Dirac action (c.f. section 2.2.3) to
obtain a different limit.

4.4.1 Rewriting in 341 form

We start from the Einstein-Cartan action (4.35)

3
Sg = dtd*x E EYE4R,, P 4.66
G 167TGN / x A~B H 9 ( )
with the powers of ¢ explicitly written. In this action, RWAB stands for the Riemann tensor

Ruw™? = 20,0,"" + 20,70, nep, (4.67)

with nop = diag (—1, 41, +1, +1), the Minkowski metric. In what follows, like in section 4.1.3,
we define xk? = 87Gy to streamline the calculations. As in the previous section, we use the
substitution ¢ = e¢, where € is a dimensionless parameter, so the limit corresponds to taking
e — 0, and we set ¢ to one. Then, we will consider the same scaling in € for the components of
the vierbein and of the spin connection as in [16] and that we have discussed in the previous
section with (4.65),

El‘:‘ = (ETM,GZ) , Q/‘jB = (ewz,wu“b) . (4.68)

Rescaling Newton’s constant via G = €*G), and taking the limit ¢ — 0 leads to the action
of [16] that we mentioned in the previous section.

With the massless Dirac action coupled to a curved background

3 iz A Rt A
Sy = [ dtd*z E (5@7 EAV, ¥ — S0V, EA\II>, (4.69)
with
1 aB Y a1 LoaB

V.U = (0, — gQM [va,78))¥ and UV, =V(J, + gQu [V, 78B]), (4.70)

the coupling of the Einstein-Cartan action with massless Dirac fermions takes the form,

3 03 uw v AB < A p ey A p

§= [dids B | oo BREER,LY 4 (5\1/7 BAV, ¥ = S0V, Biw)|. @)

We would like now to rewrite this action in Hamiltonian form. For this purpose, we need
to link the first order and ADM formulation of general relativity that we have presented in
the subsection 4.1.3 and in chapter 3, respectively. To achieve this, we introduce the vector
tangent e/' and the normal ny to the spacelike hypersurface 3, starting from the components
of the rescaled vierbein E;? of expression (4.68) and its inverse E’ in the ADM coordinates
Tt = (t,2"):

e = B4

7 )

ny = —eNEY, (4.72)

where N is the lapse function. We stress here that, at this stage, the covector ny should not
be confused with the vector n# defined in equation (4.61). The variables e:* and n, satisfy the
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relations

nPong = —1, eny =0, (4.73)

where the Minkowski metric 745 is used to raise and lower the capital Latin indices. These are
precisely the relations (3.33) for a spacelike hypersurface that we have defined in the previous
chapter and that define the foliation of spacetime into spacelike hypersurfaces. The rescaling of
€ in (4.72) is chosen such that the expression n®n np = —1 remains well-defined in the limit
e — 0. Using (4.72), all components of the vierbein and its inverse are determined in terms of
e, ny, the lapse N, and the shift N

Efy=(—¢'Nng ey + e 'N'N'ny), E'=(e Nn*+elN'el'), (4.74)
where the object €’y satisfies
eAe =07, ehel =68 +nn®. (4.75)

The second equation is the completeness relation, which was also introduced in the Hamiltonian
formulation of general relativity. The latter quantity can also be defined as e/, = h'ePnap,
where h¥ is the inverse of the spatial metric?

hij = efleBnAB. (4.76)

The parametrization (4.74) of the vierbein and its inverse, that we can find for instance in [35],
implies the usual ADM decomposition of the metric

NEN, — 2N2 N, 1 Nt
G = ( kN € hl ) . g = ( ]e\?zN? y QNJfﬂNJ ) (4.77)
i ij a1 - o

This is exactly the same metric g,, as the one obtained in the Hamiltonian formulation of
general relativity (see expression (3.37)), but without the e rescaling. It is clear with (4.77)
that the metric g, is degenerate in the e — 0 limit as the components of its inverse g becomes
infinite in that case. In terms of the parametrization (4.74), the identity \/—g = Nv/h becomes
E = eNvh. With this latter identity and the latter parametrization, the rewriting of the
Einstein Cartan action was realized in [15],

dtd3 /R |
S = € / %[2%6;@7@ + eNef gy Ry +2N[Zn[AeB]RUAB]. (4.78)

We have done the same with the massless Dirac action, which takes the form

Sijo = /dtd?’x\/_ [ — Uy n 0,0 + Q\IW e eNOW + %\IJVANinAﬁi\II

— . ) — .
%\paﬁ b — —\I/&"y el e N — %xpaﬁf‘]\ﬂn 2 (4.79)
+;l (nAQtCD — eZeNQioD — NinAQiCD) ’yACD\If

INote that the “spatial metric” is what we called the “induced metric” on the hypersurface in the previous
chapter concerning the Hamiltonian formulation of general relativity. It will be named like this in this section
to match [15], that we are following throughout this section.
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Varying the complete action Sg + S /2 with respect to the full spin-connection QMAB provides
the following contribution to the torsion:

T’ = 55 \va ¥, (4.80)

2¢
with 7,,“ = 20, E]] + 2, P Elnpp. Without considering the coupling to fermionic matter,
the equations of motion obtained from a variation with respect to the spin connection imposes
the vanishing of the torsion. However, as discussed in section 4.1.3, the inclusion of fermions
in the first order formalism of general relativity results in the introduction of a fermionic
contribution to the torsion. We wish now to consider the variation of the action (4.79) with
respect to the different components of the spin connection, and compare the results with those of
[15]. The spin connection Q#AB can be decomposed into its tangential and normal components
to the hypersurface such as

O = QABeliely, QL = QAPeing,

. 4.81
Qijk Q, AB€A6B, QUJ_ = QiABejAnB. ( )
The same can be done with the following relevant components of the torsion
TijL = ﬁjAnA = 2 3\117 BCOE; eanA\IJ, (4.82)
T = Tk = 2 3\117 peeleS el v, (4.83)
Toir = Tu'ng = ﬁ\I/’y ol N'efn, U, (4.84)
’EW] = 7;[1-‘46]-]14 5¢ 2\1/")/ Ban €[ €J}Aqf —I— 9¢3 \If")/ BC€; Nle[z €51A 4V, (485)
Using the explicit expression of the torsion, these relations become®
12
2(‘)[ieﬁnA — 25 = 5 3\117 poe? €; “n 0, (4.86)
iK? -
20efjel — 20" = @\IWABCQB@?@’;\I/, (4.87)
8tei ny — Nj@-ej ng — Qtu + NjQijL + eO; N
= e 3\11’}/ BC€ NlecllA\I/ (488>
8te €514 + ENa[Z A + e[za }N €A + N €li 8 j1€kA — Qtij - ENQ [if]L — NkQ[ij}k
— 2111’}/ BCNH 6[1 GJ]AW + 2 \I/’y BC¢ Nle[%’eﬂA\Il. (489)

2

We may now compute the variation of the action (4.78), coupled to the action (4.79), with
respect to the different spin connections. Firstly, varying with respect to €, and €, gives

respectively

lliz

23

€There is a sign difference in the last expression compared to [15]. The correct expression is the one in this
thesis.

TijL = —=Ynav*cpef e?v, (4.90)
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and -
R \IlnAyACDnCeZD\I/. (4.91)

ij 92¢3

Varying with respect to ;% provides

(ﬂﬁu — 8Ty + 6] T'eN — 5;-77gzl€N — N'6]Tis +N'6!Tipr — T’ eN — N'Tir1)

i ' oo (4.92)
= ﬁ\lf (ei‘eN + NJnA) v opey e V.
Finally, varying with respect to ;)1 gives
: 2
K" <
—2Ti1 + NiTai™ — N Toi® — 2N Ty = v (eNea + Nina) v cpen® . (4.93)

In the two last equations, there are two more terms than in [15] on the left-hand side. We
were able to realize that the correct relationships are the ones above because the addition of
fermions allows performing an additional cross-check. Indeed, by replacing the projections of
the components of the torsion in the left-hand side of the above equations by their expressions
(4.82)-(4.85), we were able to retrieve the same right-hand of these equations, allowing us to
check the variation of the Einstein-Cartan action alone.

We have considered here the variation of the action with respect to all the components of
the spin connection, except 2(;;)1 . This component is the one playing the role of the arbitrary
symmetric tensor that we have talked about at the beginning of this section, and is related to
the conjugate momenta of the spatial metric in the Hamiltonian formulation. In the Carrollian
limit, one is forced to keep this component. We shall therefore not need the torsion constraint
Ti(i;) obtained by varying the action with respect to €2;; .

Using the torsion constraint for 7;;*, taking a linear combination of the cyclic permutations
of this constraint over the indices i, j and k, as described in [15], one obtains

.2

1K -

6261'63-4 + Qikj — Fkij = —F\IWBCAe?ekCejA\If, (494)
€

where T'*;; are the Christoffel symbols of the Levi-Civita connection for the spatial metric that

we already introduced in section 3.2 (c.f. (3.11)). We will refer to this equation in the following

as the spatial vierbein postulate. There is an additional fermionic contribution compared to

the one obtained in [15].
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4.4.2 Rewriting of the action in Hamiltonian form

As we have seen in section 3.2.2 about the definition of field theory in Hamiltonian form,
the time derivative appearing in the definition of the conjugate momentum is defined as the
Lie derivative along the vector t* of the field (c.f. (3.40)). In the ADM coordinates, t* reduces
to 6%, and the Lie derivatives of e and ¥ reduce to the usual time derivative. We therefore
define the conjugate momenta with respect to the vierbein e and the spinor field as

. _ O(VhL) - O(VhL) (4.95)
Pa = 0624 ) v = 6\11 ’ .
with ¢ = 9y and ¥ = 9,¥. These definitions are in line with those of [33], which addresses
the Hamiltonian formulation of the Einstein-Cartan action with massive Dirac fermions.

Let us recall that the theory presented here admits a Lorentz gauge symmetry, and, so far,
we have been working without fixing any gauge. However, when studying the Hamiltonian
formulation with vierbeins, it is common to impose the so-called “time gauge”, because this
greatly simplifies the calculations. In the treatment that we have given in this section, the
theory is invariant under local Lorentz transformations. The time gauge consists in restricting
this invariance. The most common condition to impose this gauge is to take E2 to coincide at
each point with the unit normal to the hypersurface [33]. With this condition, the theory is
no longer invariant under the full local Lorentz group SO(1,3), but only under the subgroup
SO(3) of spatial rotations which leave the normal invariant. The “time gauge” condition may
be stated as n* = §¢'. This implies that from now on, n4 = n = §§!, and the normal covector is
equal to the covector n* defined by equation (4.61). This condition implies also, with e/'n, = 0,
that €? = 0. We therefore define the completely spatial vierbein ¢?, and the conjugate momenta
to the spatial vierbein ef reads, with £ = Lg + L2,

. OWhL) 26
Pa 9 16nGy

1

\/E (Qkﬂeak — Qk’lefz) (496)

Let us now follow the analysis of [15], which rewrite each term of the action (4.78) using the
torsion constraints, and see here the effects of fermions in each term. Let us first express here
the spin connection components that we will use in the following in terms of the vierbein using
the torsion constraints (4.86)-(4.89) in the time gauge:

ik?\ -
Qikj = —ekc@-e; + sz’j — (4_53) xpyabcefeieja@, (497)
. ik2\ _
Qtij = eﬁ.ej]a + Nke%aj] Crg T+ eﬁ-aﬂN’“eka + N’“@Ue;ﬁeka —eN (@) \InyObce?ej\If
2
— N* (%) Uy yeeleSen, U, (4.98)
K2\ -
Qpijlr = — <@> Uyopeeres W, (4.99)
a Z‘RQ T ab.c
ije = eiena — | 35 ) Ve erefear ¥y, (4.100)
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where we have also rewritten the spatial vierbein postulate. The rewriting of the first term of
the action (4.78) is given, upon integration by parts, as

dtd’z ; i dtd*z S
63/ 87TGN\/E H[BBA}RM AB _ /dtd?’x Dol — 53/ 167TGN\/E (Qt J7§]¢ — 20, L'Ej]) . (4‘101)
Without the coupling to matter, the torsion constrains equal zero and the last integral disap-

pears. This is no longer the case in the theory that we consider here. Imposing the torsion
constraints (4.97)-(4.100), this term can be rewritten as

. dtd? .
65/ “Vh npely R, A7 ~ /dtd% 77 hyj

87TGN
dtd3xvh [ 1 ik2\? - -
3 be
+e /—167TGN <§€N (2—63) Wy W Wrygpe ¥ (4.102)
1 k i/iQ ? T, ~ abc T ) Z"%2 T ib jc
+§N >3 Uy e W0 W — 05 N; 2 Uyppee” e W |,

where the symbol = is to stress that we imposed the torsion constraints. We also defined

= 63\/E
B 167TGN

ij

Q)| —QuF h). (4.103)

The second term in the action, eN ef AefB]RijAB , splits into two parts using the time gauge
condition nt = §§, and the definition of the Carrollian metric (4.60)

A / dtd*z\/h
¢ 87TGN

. / dtdzv/h

= € _—
87TGN

[NefAeg] (8:,27 + QZ.ACQjDBnCD)}
(4.104)
N [efAejé} (0217 + Q45 o) + elaely Ut L7 L

The first term constitutes the intrinsic spatial curvature in pure gravity [15]. To obtain the
modifications brought by the coupling to fermions, we take the problem in reverse and start
from the expression of the spatial curvature in terms of the spatial Christoffel symbols I'*;;

that we have already introduced in section 3.2, and we then applied the spatial vierbein pos-
tulate (4.94). This will give us the first term of equation (4.104) accompanied by additional
fermionic terms. At the end of the day, this term reduces to

NefAeZB} (ainAB + QiACQjDBCCD)

3
_ 64/ dtd WEN
167TGN

. / dtd*zv/h

6 —
87TGN

(4.106)

3 ili2 ’ T/~ Q I/~ bcC
R— 4_63 \I]Py bcqjqj’}/a v

Using the definition of the Hamiltonian constraint of magnetic Carrollian gravity H, =

_16£M3R’ we retrieved the same term of the Hamiltonian that we have defined in (4.1),
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accompanied by terms quartic in fermions. The second term requires less effort:

dtd3zv'h

dtd3z/h S
4 22V N2Q.l Q.4
¢ / 167Gy PR

i A B _ 4
TTem N2ef, e Q4107 = e /

dtd*zv/'h
264/—‘7;\/_]\[

O 07 — QW) Qs — QW Q.
167G x ( L4 L Las(gi) L 1 [J]J-)

167G N s N g 1, (4.107)
= — dtd°v—= | mm; — =
€2 Vh 2
et 8.0\ K2\ - = &
dtd’zVhN | — | U0 YV U,
T TonGy / ’ <463> Tobe =0

where we have used the expression of Q14| obtained via the torsion constraints (c.f. (4.100))
and the definition of the conjugate momentum (4.103). Finally, the last term in (4.78) reads

dtd*avh »
—e [ R (Wi — Nichna) (20,7 + 0,40, ycp)

3
= / M 2V, N7 | — 2V, N;QUD | — 2V, N; QUi |

167TGN
o (P2 Gy eternebw
+ 13 ) Y bt e Y Sk (4.108)
y dtdPzvh [ [ik? - b
_ 3 7 3 b ic
=2 [ e Nowyr 420 [ SEER [(4—) Vila e

(iK2 2_ _
—N' (4—63) Uy "yt Uy o, U

The first equality is obtained by an integration by parts, followed by the repetitive uses of
the torsion constraints and in particular the one associated with the vierbein postulate, which
was used to construct the spatial covariant derivatives V;N7 = 9; N7 4 I'/;, N¥. The property
OivVh = V/hI ;i was also used. The second equality is obtained via an integration by parts of
the two first terms of the first equality, the definition of the conjugate momentum (4.103), and
the use of the torsion constraint associated with Q%! . Remark that here the integration by
parts does not produce a term proportional to the torsion, as the covariant derivative is defined
in terms of the Levi-Civita connection. Let us now move on to the rewriting of the Dirac action
(4.79). In the time gauge, it takes the form

Syjp = / dtd*zV'h {—%\M@\If + %\Tw“ei;eN ;W + %\TJ%N ‘0,
i A . ) — X ) _ ..
+ %‘I’awo‘lf - %‘I'aﬁanEN V- %\I’@%N Ut i‘l' (2 ¢5e5 Y00

—GNQZQiij;Qi”yacd - QENQWQHMJ_de’)/aOd — NiQijkeiei’ygcd) \D} . (4109)

The definition of the three-dimensional covariant spinor derivative is

1 - & - (< 1
VZ\II - <GZ - ZQZ‘CD’YCD> \I’, ‘I/VZ - \Il <(9z + ZQZ'CD/YCD) y (4110)

57



and in the time gauge

<
<
I

(QiijEQZ'YCd — QQ[ik]Lekd’}/gd)) , (4111)

A~ =

(o
1

_ = - [ .
IV, =0 (@ + = (7 ¢S edvea + 2 Le’fd%d)) : (4.112)

Using the torsion constraints to express the spin connections in terms of the vierbein and this
definition in (4.109), we obtain

. - ) — . ) _ . ) .
51/2 = /dtdgl‘\/ﬁ |:7T\p\11 + \117_1'\1/ + %\I}’Y()NZVI\II - %\I/VZNz’}/O\I} + %\I/’YaRZENVZ'\I/

) _ < . ..
— %\IJENVZ"YGQZ\IJ + %\Ife’cejdm)cd\l’ (e ejj + N7 ®Djena + e 05 N¥era + N*Opjei era)
< 2

. . 2
P2 23eN [ L) Ut eW T ¥ + eN | 2 ) Un 0By, et ) | (4.113)
4 4e3 4e3

with the conjugate momentum to ¥ and its hermitian conjugate

Ty = —%\/E\IWO, Ty = %\/E%\I/, (4.114)

where we have introduced the notation ¥ = \Ifgt Remark here that there is a contribution in
terms of the derivative of the vierbeins \/ﬁi (\IJeiC%Ca\I/) ¢¢. The same term has been found in
[33], which treats the Hamiltonian formulation of general relativity coupled to spin-1/2 fermions.
In the latter paper, this term is justified as an extra contribution to the gravitational momenta
due to the coupling, such that it plays the same role as the potential A, in the momentum of
a particle subject to a magnetic field p, — eA, = ma,.

We will now regroup the two actions together. Using x* = 87Gy, and rescaling Newton’s
constant as Gy = €*G), we arrive at

5= / dtd®s [hijwij + phge® + W+ Uiy — NH, — N”H} , (4.115)
with Ji
ij _ Q0w _QF By Ca =~V h (Uerpea U 4.116
167T€GM( 1L E L )7 Pp 4\/_( € ) ( )
Ty = —%\/E\If%, To = %\/ﬁwy, (4.117)
and

16€2nG . 1 T~ i -+ .
HJ_ = HM + TM (ﬂ'wﬂ'lj — §7T2> - 6\/ﬁ (?IW%ZV&I’ — §\vai’7a2;‘1/)

2 h _ _ _ _
+ N—TWGM [T 0T, T — 3Ty T Ty, U] (4.118)

. . . ) — ) — & ) -
W= 29,5 < VI (L0070 - 25000 ) + 10, (VATEe ).
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We have denoted here p%,, for the extra-contribution to the gravitational momenta due to the
coupling with the Dirac fermions. The total Hamiltonian H = NH + N*H; contains the same
terms as the one found in [33] (without the mass term), plus terms quartic in fermions. This
difference, as already anticipated in the latter paper, is quite consistent with the fact that here
we started from a first order formalism of general relativity, and then used torsion constraints
to rewrite the spin connections in terms of vierbeins (except for one), whereas in the paper in
question they started directly from a second-order formalism. We have indeed seen in section
4.1.3 that the switch between first and second order formalism leads to terms in the action
quartic in the spinor fields.

Let us now return to the scaling in € in the rescaled vierbein and spin connection (4.68). To
take the Carrollian limit, one has to reinstate the parameter ¢ hidden in the time components
of the spin connection and the vierbein. Concerning the vierbein, thanks to the time gauge, we
have now e) = 0 and n* = n* = §¢'. The object n* is thus already equal to a Carrollian object,
while the rescaled part of e = E# is equal to zero. On the other hand, the spin connection that
has not been expressed in terms of vierbein, Q) | must be expressed in terms of quantities
that do not scale in the Carrollian limit:

i

W= @) — piagFy 4.119
m 167TGM (W K ) ( )

Therefore, we see that the conjugate momentum 7% does not depend on ¢ when written in
terms of the Carrollian spin connection. Taking this into account in the ¢ — 0 limit, we obtain
the following Carrollian limit of the Einstein action coupled with massless Dirac fermions

Scarroll = / dtd*x [hm” + Plaéd + W+ Uiy — NH, — N’H] : (4.120)
with ‘
7= — 16\7T/CE¥M (W) — hwkY | ph, = i\/ﬁ (T Y0 P) (4.121)
Ty = —%ﬁ@%, Ty = %Vﬁwoqf, (4.122)
and
H, = Huy

| } i e - o 4.123
W= —2V,79 — VI b (%w)vj\p - %\wm\p) + iaj (\/Exlfeweﬂb%bcxp) o )

Let us try to analyze this limit. Firstly, one can notice that all the quartic terms in the Dirac
fields vanish. We can also see that the Dirac fields have no impact in the limit on the H, part
of the Hamiltonian, as we retrieved the same magnetic limit as for pure gravity for this specific
term. An interesting observation is that all the terms containing spatial covariant derivatives
of the form ¢’ V,;¥ vanish too. This feature is also found in the Carrollian limit of the Dirac
action discussed in [16], which in addition to presenting the Carrollian action of gravity found
from a gauging of the Carroll algebra, presents the Carrollian action of the matter action of
the Dirac field in the first order formalism, the scalar field and electromagnetism via the same
method. With the method used to obtain the limit (4.120), which considers the same rescaling
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of the vierbein and the spin connection as in [16], these two limits should be the same. We
hope to carry out the explicit check in the future’.

With the Carrollian action (4.115), we have therefore reached our main goal, which was to
describe gravity coupled to fermionic matter in the Carrollian limit. This result also indicates
that the scaling (4.68) is well adapted to describe pure gravity or coupled to fermionic matter. If
one refers to the terminology used in [11], this limit is the magnetic limit of the Einstein-Cartan
action coupled to massless Dirac fermions.

4.4.3 Carrollian limit of gravity with two-component spinors

Now we can go further and use our expertise of the Carrollian limit of spin-1/2 massless
fermions in the free case. Indeed, let us recall that in the analysis of the Carrollian limit of
the Dirac action performed in section 2.2.3, we have noticed that the rescaling of the fermionic
fields, such as the kinetic term of the action is not impacted in the limit, plays an important
role. This analysis was fruitful only if we decomposed the whole field into its two-components
spinors ¢ and x. We will do the same here and observe the impact on the action in the limit.

We start from the action (4.115), decompose the field ¥ into two-component spinor ¥ =
(i), and use the Pauli-Dirac representation of the gamma matrices. Then, we apply the

rescaling
1

X = €X, Ty = —Ty. (4.124)

€
This rescaling is the same as the one used in the free case, and it does not impact the kinetic
terms of the action. In the following, as it is customary when the Dirac action is written in an
antisymmetric form, as we have considered in our analysis, we will not replace the fields by the
conjugate moments in the Hamiltonian part of the action (see, e.g., [33] or [40]), and so the

rescaling takes the form

1
x —=ex, x— —=x'. (4.125)
€

Taking the ¢ — 0 limit, the Carrollian action with rescaling of the two-component spinor fields
is given by

SCarroll = /dtdgl" [hijﬂ'ij + piDaé? + 7T¢Q.5 + WXX + CZ;JWT:;) + X.T7T;L< — NHJ_ — NZ,HZ} 5 (4.126)

with

“/_qu T = %EXT, (4.128)

/Note that in [16], the Dirac action defined with the Lagrangian (4.33) is used. This action is inequivalent
to the one we used, and this should be taken into account in the comparison.
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and their hermitian conjugates

C o
The constraints take the form
i , ie VhrG
Hi=Hu—Vh (§XTU%ZVZ¢ - §XTVz’eZU(l¢) + TM (XTo" OxTTaned) .
. . . ) ) < —
H' = =2V, + Vh b (% (¢'V,6+X1Vix) = 5 (V0 + x*vjx)) (4.130)

+ iaj (\/E (¢'0™ ¢ + xTo™x) eiei) .

We have defined oy, = i{aa, [0, 0.]}. Let us try to analyze this limit and to compare it
with the one obtained without rescaling of the spinor fields at expression (4.120). The major
difference takes place within H , where now Hj; is not the only term that remains in the
limit. Among the persistent terms, there are spatial covariant derivatives of fields of the form
¢! V0. We can therefore see that rescaling the two-component spinor fields ¢ and y, and only
then taking the limit allows us to keep the terms in the spatial derivatives of the Dirac fields
which disappeared in the limit without rescaling. This is the same behavior that we observed
in the Carrollian limit of the free massless Dirac action that we have analyzed in section 2.2.3,
where one of the two spatial gradients present in the action persisted in the limit with rescaling,
while both vanished without rescaling. One can also notice that, while they all vanish without
rescaling, one quartic fermionic term is still present in the limit with rescaling of the fields. By
considering the limit with rescaling of the two-components spinors of the Dirac field, not only
do we retain all the terms present in the limit without rescaling, but we also keep additional
terms. Among the additional terms, there are in particular spatial covariant derivatives of the
fermionic fields.

We can therefore conclude with the fact that rescaling the two-components spinor fields
allows us to obtain a richer Carrollian theory, containing in particular terms in the spatial
derivatives of the fields, which is not the case in the limit without rescaling. Since we obtained
the same conclusion in the flat case, we can conclude that the latter property is applicable in
flat or curved space.
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4.4.4 Summary of the results

Since this section has mixed many concepts, and since many different calculations and results
have been presented, we would like to summarize the original results derived in this section:

1. As was done for the Einstein-Cartan action in [15], the massless Dirac action coupled
to a curved background is rewritten in the 3 + 1 decomposition of space-time using the
relation between the first order and the Hamiltonian formalism of general relativity. This
was already studied by [33], while the rescaling of the vierbein and the spin connection
(4.68) was not considered before in this context.

2. Starting from the Einstein-Cartan action coupled to the massless Dirac action in 3 + 1
form, the torsion constraints obtained by the variation with respect to the normal and
tangential components to the hypersurface of the spin connections are derived.

3. Using the time-gauge, the latter action is then rewritten in Hamiltonian form using the
torsion constraints. The final form is given by the expression (4.115).

4. The direct € — 0 limit of this action is then computed. This gives the action describing
the coupling of Carrollian gravity to massless Dirac fermions (4.120). In the limit, terms
of the form ¢! V;¥ vanish, as well as all the terms quartic in the Dirac fields.

5. Inspired by the decomposition in terms of the two-components spinor fields ¢ and y used
in the free case (see section 2.2.3), the Hamiltonian action (4.115) is expressed in terms

of these two fields using the decomposition of the Dirac spinor ¥ = (i) The rescaling

of the fields (4.124) is used, and only then the ¢ — 0 limit is taken. By considering the
limit with rescaling of the two-components spinors of the Dirac field, not only do all the
terms present in the limit without rescaling are present, but additional terms are kept.
In particular, this allows keeping terms of the form e’ V;¢, whereas, in the limit without
rescaling, all the spatial derivatives vanish. The same behavior is found in the Carrollian
limit of the free Dirac action using the same rescaling of the fields.
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Conclusion and prospects

Fermions are necessary to describe fundamental interactions and therefore, in view of the
recent applications of Carrollian physics, it is important to understand how they behave in the
limit of vanishing speed of light. This was the main motivation of this thesis. In the following,
the main results that we achieved in this work are summarized, before discussing some possible
further developments.

After some reminders and definition of concepts that are necessary for the comprehension
of this thesis in chapter 1, we began the study of possible inequivalent Carrollian limits of the
Dirac theory in chapter 2. As a first step, the massless Dirac fields were considered. The goal
was to extend the analysis of [11], which has defined the “electric” and “magnetic” Carrollian
limits for Lorentz-invariant bosonic theories through their Hamiltonian formulation, to the
case of Dirac fermions. To reach this aim, it has been understood that the decomposition of
the Dirac field into its two component spinors ¢ and x was playing a key role. This idea of
using two-components spinors to study the Carrollian limit of a fermionic theory has already
been used in [14], where the “ultra-relativistic Dirac equations” were obtained. Without this
decomposition, the direct Carrollian limit (the magnetic one, if one refers to the terminology
of [11]) in our analysis leads to a vanishing Hamiltonian, and no rescaling of the canonical
variables with the speed of light ¢ to avoid that was possible. However, performing the analysis
with this decomposition into two-components spinors allowed performing a rescaling of the
fields so as to obtain a non-trivial Carrollian limit. The equations of motions of the resulting
Carrollian action coincide with the “ultra-relativistic Dirac equations” obtained in [14]. This
was the main result of this chapter.

In chapter 3, a brief introduction of the Hamiltonian (ADM) formulation of general relativity
was presented. In this introduction, it is intended to give the key steps to understanding the
reformulation of the gravitational action into a Hamiltonian form, which is the starting point
of chapter 4. In this chapter, the aim was to couple Dirac fermions to Carrollian gravity, thus
extending to matter coupling the results of [15]. As a recall, this paper aimed to clarify the links
between the Hamiltonian analysis of [11] to obtain the magnetic limit of Einstein’s theory and
the definition of the Carrollian gravity given in [16] through a gauging of the Carroll algebra.
To reach our goal, the relation between the Hamiltonian and first-order formulations of general
relativity is used, along the lines of the analysis of [15]. As a first step, the massless Dirac
action coupled to a curved background was rewritten in “3+ 1”7 form, using the same rescaling
of the vierbein in € (where ¢ — 0 define the Carrollian limit in this case) than in [16] and
[15]. Then, following the analysis of [15], the rewriting of the Einstein-Cartan action coupled
to massless Dirac fermions in Hamiltonian form was performed. Taking the direct ¢ — 0
limit, we obtained the magnetic Carrollian limit of Einstein’s theory coupled to massless Dirac
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fermions. The analysis was then taken a step further, using our expertise in the Carrollian
limit of free Dirac theory. Having in mind that in that case, the decomposition of the field into
two component spinor fields plays an important role, it is applied to the coupling case. With
the same rescaling of the fields than in the free case, and then taking the ¢ — 0 limit, not only
all the terms present in the magnetic limit without rescaling are present, but additional terms
are also kept in the limit. We have then concluded with the fact that the decomposition of the
field into two-components spinor fields, combined with the rescaling of these fields, allows us to
obtain a richer Carrollian theory, whether we consider the free case or the coupling to gravity.

Finally, let us discuss some perspectives for future research. A natural extension of this
work would be to study generic fermionic fields by extending the analysis performed in this
thesis to the spin-3/2 Rarita-Schwinger field, which is important because these are the basic
building blocks of supergravity theories, and its higher-spin counterparts. Another possible
outlook is that, as in the free case where we have computed the Poisson bracket {€(x),E(x')}
to check that the theory is Carroll invariant, we would like to explicitly compute the Poisson
bracket of the Hamiltonian constraints H, and H; of the Carrollian theories obtained in the
coupling part of this thesis. Another direction could be to look for the electric Carrollian
limit of Einstein’s theory coupled to massless Dirac fermions. As discussed in [15], it is not so
obvious to recover the electric theory via a rescaling of the vierbein and the spin connection. A
possible perspective would therefore be to find of a way to realize this limit, and then include
the coupling to fermions. Finally, one could extend the analysis performed in this thesis to the
massive fermionic case. This choice to focus on the massless case in this thesis is motivated by
the fact that the free massless Dirac theory is invariant under conformal transformations. This
setup is expected to find applications in flat-space holography, where the boundary theory is
expected to be invariant under the conformal extension of the Carroll group.
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Appendix A

Proof of the Carroll invariance
conditions

This appendix is dedicated to the proof of the Carroll invariance conditions for the particular
case of a scalar field. We follow the demonstration given in [11]. To begin, we first recall some
notions about Noether currents and charges, based on [28] and [37].

Let ¢'(z) denote a set of scalar fields with Lagrangian density £(z) =
Consider the infinitesimal transformation of the fields ¢*(z) — ¢'(z) + d¢'(x
L(x) + 0L(x), where 0L(x) is given by

L(¢'(x), 0up'(x)).
), such as L(x) —

oL oL
= 3@ 5 G @)

Using the Euler-Lagrange equations, this can be rewritten as

L (x) 0,6¢" (z). (A.1)

_ OL(x) i
0L(x) =0, (W&p (x)) : (A.2)

The object between parentheses is identified as the Noether current
5o (). (A.3)

If a transformation of the fields such as 6L = 0, i.e., that leaves the Lagrangian invariant, can
be found, one obtains the conservation of the Noether current 0,j* = 0. Let us now consider
the more general case where the variation of the Lagrangian is not zero, but is given by a total
derivative 0,K*(x) for some K*(x). In that case, there is still a conserved current, but now
given by
o) = 00
9 (0,7 (@))
This can be exemplified through the space-time translations of the fields ¢*(z) — ¢'(z + a),
where a* is a constant four-vector. One has in that case £(z) — L(x + a). The infinitesimal
version of this transformation is ¢'(z) — ¢'(z)+a"d,¢'(x), and the variation of the Lagrangian
under this transformation is given by 0L(z) = —a”0,L(z) = —0,(a”L(x)). One can therefore

5o’ (z) — K*(x). (A.4)



identify K¥ = —a”L. The conserved current is therefore given by

M (x _—5£(x) a’d,0' (x) — a* Lz
T = 5oy 7 )~ A, (A5)

= —a,,TW(JJ),

with 7, the energy-momentum tensor, defined by

0L (x)
9 (Oup' (7))

Carrying out the same demonstration for the case of Lorentz transformations ¢'(z) — ¢'(z +

T () = - &9 (@) + 9" L (z). (4.6)

w - x), the conserved current reads

1
(@) = Sy (2T (&) = 2T (),
1 (A.7)
= §wVpMMVP’
with w,, = —w,,, which parametrize the infinitesimal Lorentz transformations. The conserved

charges Q) = f d®z jO(z) associated with Lorentz transformations and space-time translations
are

MYP = /d?’x M (x),

(A.8)
Pt = /d3x T ().

The conserved charge P* associated with space-time translations can be split into its spatial
and time components

Pk = / dr T = / Pz PH(x), (A.9)
E = /d3x T = /d3x E(x), (A.10)

where E is the Hamiltonian, and P* the momentum operator. If we restrict ourselves to the
case of spatial translations and rotations, the vector K*(x) defined above has a vanishing time
component. In this case, the Noether charge simplifies to

Q= /d3£B 7%(x), (A.11)

o 3, 8£(x) i(y
= [ de 5 @ (A-12)

= /d3x mi(2)5p" (2), (A.13)

where we have used the definition of the conjugate momentum

_ 0L(w)
mi(z) = 70 (1))’ (A.14)
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and the definition of the conserved current (A.4). Using the fact that

5o'(2) = Leg'(2), (A.15)

under infinitesimal spatial translations and rotations parametrized by the vector £, we have
that

Q= /d3x TiLep' (7). (A.16)

With this result, it is easy to see that the Poisson bracket of the Noether charge and the field
is given by
{¢'(2),Q} = Le' (). (A.17)

One can also prove that we have equivalently
{7",Q} = Ler". (A.18)

It is possible to prove that these results are also valid for time translations and Lorentz boosts.
However, for the purpose of this work, we will only need spatial translations and translations,
we thus restrict to this case where the manipulations are simpler. These results are the starting
point of the demonstration of the Carroll invariance conditions presented in the next paragraphs
following [11].

Let us first recall that, as mentioned in section 2.1, a necessary and sufficient condition for
the theory to be Carroll invariant is that the generators obey the Carroll algebra given in (2.16).
We have also noted that the requirement to fulfill the Carroll algebra implies conditions on the
Poisson brackets of Py(z) and £(x) since all the generators are constructed in terms of them.
We concluded by saying that the non-trivial conditions for the theory to be Carroll invariant
are, in fact, on €. There are two of them: (1) £(z) have to be a scalar under spatial translations
and rotations; and (2) {€(x),E(x")} = 0. We will prove this result in the following.

First, we focus on the conditions on the momentum density P,. As a recall, the expressions
of the generators of spatial translations and rotations are,

P — / 'z Py(x), M = / '3 (275 — 2°6™)Py(x). (A.19)

Specifying &* to be a spatial translation (¢¥ = a*) or a spatial rotation (£(z) = Fwy. (xT(SSk — xsém))
in the Poisson brackets (A.17) and (A 18), one can see that the field and its conjugate momen-

tum must satisfy the relations {¢'(z), [ d®y £"(y)Pr(y)} = Lep® and {7, [ Py " (y)Pr(y)} =
L. Using these two latter Poisson brackets, or equlvalently using the result (A. 16) one can
deduce that Py (z) has to be given by f d3x E(x)P(z) = [Pz maLlep'(x). Similarly, these
also imply in general {F(z), [ d®y £*(y)Pr(y)} = 55 ) where F'(x) can be any function of

the fields. One can therefore consider 1M7"Swrs = [ d3y & (y)Px(y) with £*(y) = w,sy 6 and

(Pt garran = P [y man) (A.20)
— LPy(a). (A.21)

Integrating over space this Poisson bracket and performing an integration by part on the right-
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hand side of the last equality, one retrieves the exact expression for { P, M"*}. The same steps
can be applied for the Poisson bracket of the spatial rotations generators but with M%m =
(zFom! — k) Py(x) instead of Py(x) on the left-hand side of (A.21). The conditions on the
Poisson bracket of Py(x) are therefore fulfilled without even knowing the action. We therefore
see that the non-trivial conditions for Carroll invariance are indeed on £. The first condition
{€(x),E(2")} = 0 implies straightforwardly that {H, By} and {By, B,,} vanishes using the
definition of H and By. For the second condition, if £(x) is a scalar under spatial translations
and rotations, one has, using {F(z), [ d®y £*(y)Pr(y)} = L¢F (), that

{5(:17), / Py (a"Pr(y) + wfyrpk(y))} = (a" + wha") O€ (), (A.22)
which can be equivalently rewritten
{€(x),d"Pi(y) + wFa"Pi(y)} = (a* + wla") OpE(z). (A.23)

Integrating over space and performing an integration by part on the right-hand side provides
{H, P,} and {H, M"*} equal to zero, as request. For the last Poisson brackets to be found to
have the full Carroll algebra, one starts by multiplying £(z) by 2™ in (A.22). Then, integrating
over space, and then performing an integration by parts on the right-hand side, provides finally
the correct expression of { B™, P} and {Bk, M ”’}. This proves that the non-trivial conditions
for the Carroll algebra to be fulfilled are: (1) £(x) has to be a scalar under spatial translations
and rotations; (2) {€(z),E(2')} = 0.

As explained in the section 1.3 of [37] concerning the “Noether current and charges”, for
various field systems, such as the Dirac field, the energy-momentum tensor 7" derived from the
Noether procedure is conserved but it is not symmetric. Nevertheless, it is possible to rectify
this issue by modifying 7# in all cases, thereby restoring its symmetry. This rectification is
achieved in the case of the Dirac field by adding a total derivative, so the Noether charges are
not modified. The derivation we have made in this appendix is therefore also applicable to
Dirac fields according to these explanations. However, as an outlook, we would like to take a
closer look at this derivation in the case of the Dirac field. For the purposes of this thesis, we
assume that this derivation holds for Dirac fields.
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Appendix B

Boundary terms in general relativity

This appendix is dedicated to the role of the boundary terms in general relativity.

We consider here an arbitrary region #  of the space-time manifold, bounded by a closed
hypersurface 0% ". The precise action functional for general relativity is given by

Salgl = Sulgl + Sslg] — So, (B.1)

where Sp[g] is the Hilbert action, Sg[g] is a boundary term, and Sy a nondynamical term that
affects the numerical value of the action but not the equations of motion. They are given by

— 1 4
Sulil = T |, d'rv=a R, (8.2
1
= &*avh eK B.
Solal = g § AV ek, (B.3)
1 3
= K, B.4
So SWGNj{(de h e 0, ( )

with R the Ricci scalar in 7', K the trace of the extrinsic curvature of 97, and h the determinant
of the induced metric on 9% . Coordinates x® are used in ¥ and z* in 9% . With the matter
action taken to be of the form

Suldrg] = /V Lo/~ L (6, u; gos) (B.5)

for some Lagrangian density £, the complete action functional is given by

R 1
Sladl = [ dova (1o +£) + g f, PR K. (Bo)

The role of Sg[g] lies in the variation of Sg[g|. If one performs the variation of the Hilbert term
S[g] with respect to g*?, with the fact that the variation is subject to the condition

09aslyy =0, (B.7)

one obtains the correct left-hand side of the Einstein field equations plus an additional boundary



term. The reason for including Sg[g] in the gravitational action is that its variation will cancel
the boundary term obtained by varying the Hilbert term. The inclusion of the boundary
term Splg] in the gravitational action therefore permits obtaining, with the matter action, the
Einstein field equation G.p = 87GnTap, With T, the stress energy tensor. The role of Sy
lies in the definition of the gravitational action for asymptotically flat space-times. Doing the
calculation permits to observe that the gravitational action, and in particular the boundary
term Spglg] for flat space-time, is infinite. This problem does not go away when the space-time
is curved, and therefore this would imply that Sg[g] is not well-defined for asymptotically flat
space-times. This is remedied by the introduction of Sy such that Kj is chosen to be equal to
the extrinsic curvature of 07 embedded in flat space-time. This definition makes the difference
Splg] — So well-defined in flat space-time. More details are given in [17].
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Appendix C

Integration by parts with torsion

This appendix is dedicated to the integration by parts in the presence of a connection con-
taining torsion, and is taken from [37]. We prove here that there is an extra-term proportional
to the torsion when one integrates by part in curved space-time with torsion.

We first recall that the components I'?,,, of a connection compatible with the metric takes
the form

Fpuu - Fp,uu[g] - ,Cqu7 (Cl)

with I, [g] = %gp 7 (OuGvo + OvGuo — 09w ), the Christoffel symbols of the Levi-Civita connec-

tion, and
1
Kywp = ) (Tawp = Taow = Topu) » (C.2)

the contorsion tensor, defined in section 4.1.3, and 7,,, = Tu"gsp. The first step in this
demonstration is to prove that

V. VE=0,VF+T",,[g|lV*+ T, V" (C.3)
Using the usual covariant derivative of a vector field and equation (C.1), we have

YV, VE =0,V 4T, (C.4)
= 0 V" + T, [g V" — K, V. (C.5)

Using the definition of the contorsion tensor (C.2), we arrive to

1
v, vt =9, V¥ +1%,, + 5 (T — " T — T V. (C.6)
The second term in the parentheses is equal to zero due to the anti-symmetry on the indices
p, i of the torsion tensor, and we use again the anti-symmetry of the torsion tensor in the last
term. We finally arrive at the desired expression (C.3).

We will now use this expression to examine integration by parts in the presence of torsion.
Usually, we have that in Minkowski space-time, total derivatives [ d*zd,V* = 0 if V¥ (x)
vanishes at large distance. This is the property that allows integration by parts. Let us now

vil



take a look at this property for the covariant derivative V,V*#. Using the property
0/ = VT ul0). (1)
and equation (C.3) that we have derived above, we have
/ d*ry/—g V, V" = / &Pz (V=90 V" + /=g + V—9T., V") . (C.8)
Combining the two first terms, we have
/ dxy/—g V,VF = / &Pz (0,(vV=9gV") +V=gT,)" V") (C.9)
The first term vanishes just as in flat space, and we therefore are left with
/ d*x/—g V, V" = / &z /=g T V" (C.10)
We have therefore seen, in this appendix, that integration by parts with the covariant derivative

is valid when the connection is torsion-free, but there is an additional term involving the torsion
when is not.
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